Optimization
and linear
programming

Learning outcomes

When you have completed this Programme you will be able to:

e Describe an optimization problem in terms of the objective
function and a set of constraints

e Algebraically manipulate and graphically describe inequalities
e Solve a linear programming problem in two real variables

e Use the simplex method to describe a linear programming problem
in two real variables as a problem in two real variables with two
slack variables

e Set up the simplex tableau and compute the simplex

e Use the simplex method to solve a linear programming problem in
three real variables with three slack variables

e Introduce artificial variables into the solution method as and when
the need arises

e Solve minimisation problems using the simplex method

e Construct the algebraic form of the objective function and the
constraints for a problem stated in words
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Optimization

An optimization problem is one requiring the determination of the
optimal (maximum or minimum) value of a given function, called the
objective function, subject to a set of stated restrictions, or constraints,
placed on the variables concerned.

In practice, for example, we may need to maximise an objective
function representing units of output in a manufacturing situation,
subject to constraints reflecting the availability of labour, machine
time, stocks of raw materials, transport conditions, etc.

Linear programming (or linear optimization)

Linear programming is a method of solving an optimization problem
when the objective function is a linear function and the constraints are
linear equations or linear inequalities.

In this Programme, we shall restrict our considerations to problems
of this type that form an important introduction to the much wider
study of operational research.

Let us consider a simple example, so move on to the next frame

A simple linear programming problem may look like this:

Maximise P=x+2y (objective function)
subjectto y <3
X <S5
X t}Z/ y_S 2 (constraints)
x>0;,y>0

The last two constraints, i.e. x>0 and y >0, apply to all linear
programming (LP) problems and indicate that the problem variables, x
and y, are restricted to non-negative values: they may have zero or
positive values, but NOT negative values. These two constraints are
often combined and written x, y > 0 — or omitted altogether since they
are taken for granted in all LP problems.
Before we proceed, we will take a brief look at linear inequalities in
general.
On, then, to Frame 3
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Linear inequalities

In most respects, linear inequalities can be manipulated in the same
manner as can equations.

(a) Both sides may be increased or decreased by a common term, e.g.
2x<y+4 .. 2x-y<4

(b) Both sides may be multiplied or divided by a positive factor, e.g.
4x+6y>12 . 2x+3y>6

But NOTE this:

(c) If both sides are multiplied or divided by a negative factor, e.g.
(=1), then the inequality sign must be reversed, i.e. > becomes <
and vice versa.

Here, then, is a short exercise.

Exercise

Simplify the following inequalities so that each right-hand side
consists of a positive constant term only.

(@ 3x-5<4y (b) 2(x+2y)<-8

(c) 4x—6y<-10 (d 2x+3>-(y+4)

e —(x—3y+5)>2x+4y—6

Check the results in the next frame

@ 3x—4y <SS b) —x—2y>4
(©0 —2x+3y=5 d —-2x—y<7
(e) 3x+y<1

Graphical representation of linear inequalities

Consider the inequality y — 2x < 3. We can add 2x to each side, so that
y<2x+3.

The equation y=2x+3 can be
represented by a straight line divid-
ing the x-y plane into two parts.

For all points on the line,

y=2x+3.

For all points below the line,
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y<2x+3

. ¥ <2x+ 3 indicates all points on or below the straight line, but
excludes all points above it. We can indicate this exclusion zone by
shading the upper side of the line.
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Arguing in much the same way, x —2y <2 can be rewritten as
y}_%— 1 and we can draw the line yzg— 1 and shade in the

exclusion zone
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Example 1
The problem we quoted earlier in Frame 2 was
Maximise P=x+2y (objective function)
subjectto y <3
<5
X+r= (constraints)
x—2y<2
x>0;y>0

Now, on a common pair of x and y axes, we can represent the five
constraints and shade in the exclusion zone for each. We then have
the composite diagram
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The coordinates of all points on the boundary of the polygon OABCD,
or within the figure so formed, satisfy the system of constraints. The
set of variables for each such point is called a feasible point or feasible
solution and the figure OABCD is the feasible domain or feasible polygon.

Note these definitions.

Our problem now is to find the particular point within this domain
that makes the objective function P=x+2y a maximum. The

x P
=+ = and this represents a set of

equation can be rewritten as y = — )

parallel lines with different values of the intercept g

N|©
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If we draw one sample line of this set to cross the feasible polygon we
have just obtained, we get, using P = 3
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We can increase the value of P and hence raise the objective line up
the page until it passes through the extreme point C. Any further
increase in the value of P would take the line outside the feasible
polygon and hence fail to conform to the given set of constraints.

N[ ©

1
0O 1 2A 34 5 «x

In this example, then, point C gives the optimal solution.

From the graph it can be seen that the line with maximal P passes
through the point of intersection of the two lines y=3 and
y = —x+ 5. This means that y =3, x =2 and so Ppax =x+2y =8.

A graphical method of solution is clearly limited to linear
programming problems involving two variables only. However, it is
a useful introduction to other techniques, so let us deal with another
example.

Example 2

Maximise P=x+4y
subjectto —x+2y<6
Sx+4y<40
x,y>0

First of all, plot the appropriate straight line graphs to obtain the
feasible polygon. This gives
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The objective function P=x+4y can be expressed in the form

y=- % +IZ) and its graph added to the feasible polygon, as before. We
then obtain

o

The line y=-—+

W e

which is
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From the graph it can be seen that the line with maximal P passes
through the point of intersection of the two lines y=£+3 and

2
Sx .
=_T+10' That is x =4, y =5 and SO Ppax = x + 4y = 24.

As easy as that.
Now this one.

Example 3

Minimise P=—-4x4 6y

subject to —-x+ 6y >24
2x-y<7
x+8y <80
x,y>0

It is very much as before. Complete it on your own.

Pmin=6 with x=6, y=5

To obtain the minimum optimal value of P, the graph of the objective
function is, of course, lowered to the appropriate extreme point.

In practice, linear programming problems usually contain many
more variables than the two we have so far considered and a
computational method is then required. One such technique is the
simplex method and the remainder of this Programme will be devoted
to the steps necessary to put it into practice.

So move on to Frame 14




948 Programme 23

The simplex method

The first step in the simplex method is to ensure that each constraint is
written with a positive right-hand side constant term. Then we express
all inequalities as equations by the introduction of slack variables.

For example, —x+2y <6 can be written —x + 2y +w; =6
and 5x + 4y < 40 can be written S5x + 4y +wy =40

where wy and w, are positive (or zero) variables with unit coefficients,
required to make up the left-hand side to the value of the right-hand
side constant term. The new variables, w; and w,, are called slack
variables.

Let us look again at the problem we solved earlier.
Example 1

Maximise P=x+4y
subjectto —x+2y <6

Sx+4y <40 (as always, x, y > 0)
The constraints now become  —x+2y +w; =6
Sx+ 4y +wy =40
and the objective function @ P—x —4y =0

From this, we can now begin to form the simplex tableau (or table).

So make a note of the above information — and then move on

Setting up the simplex tableau

(@) Framework First construct a framework with the headings shown.

X y wi wy | b | check

Next, we enter, in the framework, the coefficients of the problem
variables and of the slack variables in the constraints, together
with the right-hand side constants in the column headed b.
(Ignore the check column for the time being.)

So we have
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Problem Slack
variables variables Const.

x y w wa b check
-1 2 0 6
S 0 1 40

b(;:iy unity‘rrnatrix

(b) Check column The right-hand side column is included to provide
a check on the numerical calculations as we develop the simplex,
so, for each row, total up the entries in that row, including the
constant column, and enter the sum in the check column.

Do that

Basis X y w wz | b check
w1 -1 2 1 0 6 8
wy S5 4 0 1 40 S50

(c) Starting basic solution The two constraints now contain four
variables, but if we start by letting x and y each be zero, then we
have the temporary solutions, w; = 6 and w, = 40, and we indicate
these variables in the extra left-hand side column, as shown.

Note (1) The columns with the slack variables form a unity
matrix.
(2) There are now four variables, x, y, wi, wa (n = 4).
(3) There are two constraints (m = 2).
(4) We put (n—m) variables, i.e. two variables (x and y),
equal to zero as a start.

Finally, we have to deal with the objective function,
so move on to the next frame

(d) The objective function The objective function, P=x+4y, is
written P — x — 4y = 0 and the coefficients of this form the bottom
row, or index row, of the tableau, thus

Basis | x y w1 ws | Db check

w1 -1 2 1 O 6 8
) 5 4 0 1 |40 50
P -1 -4 0 O 0| -5

Complete your tableau, if you have not already done so, and then
we will see how the computation is carried out.
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Computation of the simplex

1 First we select the column containing the most negative entry in
the index row: in this case —4. This is called the key column and we
enclose it as shown.

Basis | x 'y wi wy |b check
wi |—-1}( 21 O 6 8
w2 5| 4/0 1 |40 50
p -1[-4]0 O 0 |-5

L key column

2 In each row, we now divide the value in the b column by the
positive entry in the key column: the smaller ratio determines the

key row.
Forrow 1 (wy), r= 6 =3
2 . row 1 is the key row.
ow 2 (wp), r= 40 _ 10 Enclose it as shown below.
! 4
pivot
Basis X y / wy wy | b check
w1 l -1 2 1 0 6 8 | +— Kkey row
W2 5 4, 0 1 |40 50
P -1|-4| O 0 0 |-5

The number at the intersection of the key column and key row is
the key number or pivot: in this case the number 2.

3 Wenow divide all entries in the key row by the pivot to reduce the
pivot to unity — which we then circle. The new version of the key
row is sometimes called the main row. The rest of the tableau

- remains unchanged, so we then get

unit pivot

/
Basis | x / wi wg | b check

w -3 @ i1 0 3 4 |«— main row
Wo, 5 4 0 1 40 50
P -1 -4 0 O 0 — 5 |«——index

L key column

So far, so good. Now we deal with the actual calculations.
Next frame
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4 Using the main row, we now operate on the remaining rows of the
tableau, including the index row, to reduce the other entries in
the key column to zero. Note that the main row remains
unaltered. The new value in any position in the other rows,
including the b column and the check column, can be calculated
as follows:

New number = old number — the product of the corresponding entries
in the main row and key column

©)

B

A
4 K is replaced by K — (A x B)
K

For example, in the second row (wy):
Sisreplacedby 5—(-})(4)=5+2=7
4 isreplaced by 4—-(1)(4) =4-4=0
O isreplaced by 0-(})(4) =0-2=-2
1isreplacedby 1-(0)(4) =1-0=1
40 is replaced by 40 — (3) (4) =40-12=28
50 is replaced by 50 — (4) (4) =50-16 =34
and, in the third row (P):
—lisreplacedby —1— (-1)(-4)=-1-2=-3.
Completing the operations for rows (w;) and (P), we have

Basis x y wg wy |Db check
wy |- 1 1 o0 3 4
wy 7 0 -2 1 28 34

P -3 0 2 0 |12 11

Now confirm that the new values in the check column are, indeed, the
sums of the entries in the corresponding rows. If not, there is a mistake
somewhere in the working to be corrected before we proceed.

If all is well, move on to the next frame
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5 Change of basic variables In its final form, the key column
consists of a single 1 and the remaining entries zero. This is in the
column headed y which indicates that the basic variable w; in the
main row can be replaced by y.

Basis | x y wi wy |b check
ywe -3 1 1 0 | 3 4
w2 7 0 -2 1 28 34
P -3 0 2 O 12 11

Note that there are two columns containing a single 1 and the
rest 0. These are headed y and w; which are now also the basic
variables in the left-hand side column. Reading the values in the
b column therefore gives a basic solution y = 3 and w, = 28, and
at this stage P = 12. Any variable not listed in the basis column is
zero. One basic solution at this stage is therefore x=0, y =3,
wy, = 28. However, we are not finished.

The index row (P) still contains another negative entry, so we
have to repeat the simplex process using the same steps as before.

Basis x y w w2 |D check
y -il1 1 o |3 4
Wy 710 —2 1 |28 | 34]||<keyrow
p -310 2 O 12 11

| key column

Now divide the key row by the key number (7) to reduce the pivot
to a unit pivot. This gives

Basis | x y w1 w2 |b check
y -1 L1l o 4
Wo, Do -2 1 3 |« main row
P -3 0 2 0 (12 11

Using the main row, operate on the remaining rows (including the
index row) to reduce the other entries in the key column to zero.
Complete that stage and we have
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Basis | x y wi wy | b check
y |01 £ i 2
wy 1 0 -2 1 4 3
P o0 & 2 |24 172

Again, at this stage, check your working by totalling up the entries
in each row and satisfy yourself that the sum agrees with the value
in the check column.

Note that w; in the basis column can now be replaced by x
which was the heading of the column containing the last unit
pivot.

So finally, we have

Basis Xy w wy |b check
y |01 f 4 7
x |10 -3 3 s
P oo & 3 [2a]| 12

A new basic solution now emerges as x =4, y = 5.

Furthermore, since there is no further negative entry in the
index row, this is also the optimal solution and the optimal value
of P is given in the b column, i.e. Ppax = 24.

For interest, you may wish to compare this result with that
obtained in Frame 12.

We have been through the simplex operation in some detail by way of
explanation. Many problems involve more than just two variables, but
the method of computation is basically the same, being an iterative
process which is repeated until the index row contains no negative
entry, at which point the optimal value of the objective function has
been attained.

The problem we have just solved would normally look like this:

Maximise P=x+4y
subjectto —x+2y <6
Sx+4y <40 (x,y>0)

Entering slack variables, etc., this is written

—x+2y +wq =6
Sx + 4y +wy =40
P—x—4y =0

The complete tableau is given in the next frame
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Basis X Yy w W b check
wi |[-1] 2] 1 o0 6 8|
wa S| 4, 0 1 40 S0
P -1/-4/ 0 O -5
yw | -3 @5 o0 4
Wo 5 4 0 1 40 50
P -1 -4 0 o0 -5
ywy -1 1 o0 4
w, |[| 7] 0 —2 1 [ 28 34|
P -3 0 2 o0 | 12 11

-1 1 1o 4
w, 0 -3 3 ¥
P -3 0 2 0 | 12 11

o 1 & & 7
xw 0 % 4 ¥
P o o §& 3 24 12

Prax =24 Withx =4, y=5

Now for another example — so move on to Frame 28

Here is one for you to do on your own. The method is just the same as
before so you will have no difficulty.

Example 2

Maximise P =4x+ 3y
subjectto —x+ y<4
x+2y <14
2x+ y<16 (x,y>0)
We have three inequalities this time, so we shall need to introduce

three slack variables. Converting the inequalities into equations, we
obtain
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—X+ y+w =4
x+2y + w2 =14
2x+ y +w3 =16

Then we set out the simplex framework with appropriate
headings, i.e.

Basis X y wi wy Wws | b | chek

Remembering that the index row uses P — 4x — 3y = 0, we can set out
the first tableau. Choosing x and y, as usual, to be zero for a start, we
have

Basis | x y Wi Wz ws b | check
w1 -1 1 1 0 O 4 )
Wa 1 2 0O 1 0 |14 18
w3 2 1 0O 0 1 |16 20

P -4 -3 0O 0 O 0| -7

Carry on now and complete the working on this first tableau.
Check with the next frame
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Here is the working so far.

Basis X Yy Wi Wy Wi b check
w1 1 1 0 o0 4 5
Wy 11 2 0 1 o0 14 18
ws 2] 1. 0 0 1 16 20 |
P —4/-3 0 0 0 -7
w -1 11 0 © 5
wy 1 2 0 1 0 14 18
w3 @ 1 o0 o ! 10
P -4 -3 0 0 O -7
w 0o 3 1 0 } 12 15
W, o 3 o0 1 -1 6 8
X W 1 L o o 1 10
P 0 -1 0 0 2 32 33

(a) The basic variable (w3) of the unit pivot can now be replaced by
the variable at the heading of the unit pivot (x).

(b) We see there is still a negative value in the index row, so we repeat
the process for this second tableau.

Now you can finish it off
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Check to see if you agree.

Basis X y Wi wy w3 b check
w1 of 3] 1 o 1 12 | 15
Wy ii 3 0 1 -3 8
x 1| % 0 0 1 10
0|-1 0 0 2 32 33
w1 o 3 1 0 i 12 15
we |0 D 0 § -3 ¥
X 1 4 0 0 i 8 10
0 -1 0 0 2 32 33
w1 0o 0 1 -1 1 7
ywe |0 1 0 % -3 ¥
X 1 0 o -1 2 2z
0 0o o 2 3 36 | 8

The basic variable (w;) can now be replaced by y, being the heading of
the unit pivot column.
There is no further negative entry in the index row: therefore, the
optimal value of P has been attained.
C. Pmax =36 with x=6,y=4.
Note: We also see that w; = 6, since the unity matrix has headings x, y,
w1. The full result, therefore, is
Ppax = 36 with x=6,y=4,w;=6wWw,=0,w3=0
though we do not normally require this extra information.
The meaning of w; =0 and w; =0 is that the second and third
constraints become
x+2y =14 and 2x+y =16 respectively rather than
x+2y<14and 2x+y<16.
The meaning of w; = 6 gives the first constraint as —x + y < 14 rather
than —x+y < 14.

Now we will extend the simplex method to an example involving

three problem variables.
Next frame
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Simplex with three problem variables

Maximise P =pix+ poy+ p3z
subjectto  aiix+aizy +a13z< by
az1X + dazy + a3z < by
a31X + azzy +ds3z < by
x,,2>0

Introducing slack variables we have

anx+dppy +aizz+w =b

aziX + dz2y + a3z + wa = by

az1x + dzzy + a3z +ws=b3
P—p1x— pay — p3z =0

If there is now a total of n variables and m constraints, then at least
(n — m) variables are equated to zero. The remainder form the basic
variable column entries. Equating x, y, z to zero, then, the basic
variables are wy, wp, ws.

Basis X y zZ W w2 w3 |b check
Wy an a2z a3 1 0 O by
w2 dz1 azp a3 0 1 O b,
w3 a3y a3z a3 0 0 1 b3
P —p1 —p2 -p3 0 0 O 0

The variables in the basis column are the variables heading the unity
matrix. The method is exactly as before.

(a) Select the most negative entry in the index row to determine the
key column.

(b) Divide the entries in the constant column (b) by the corresponding
positive entries in the key column. The smallest positive ratio
determines the key row.

(c) The entry at the intersection of the key column and the key row is
the key number or pivot.

(d) Divide each entry in the key row by the pivot to reduce the key
number to a unit pivot. The revised key row is now called the main
row.

(e) Use the main row to operate on the remaining rows to reduce all
other entries in the key column to zero.

(f) Repeat steps (a) to (e) until no negative entry remains in the index
TOW.

Now for an example
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Example 1

Maximise P =2x+6y+4z
subject to 2x+45py+2z<38
4x 42y +3z <57
x+3y+5z<57
x,1,z>0

Rewriting the inequalities as equations gives

2x+Sy+2z+wm =38
4x+ 2y + 3z +wy =57
x+3y+5z + w3 =57

We also have P — 2x — 6y — 4z = 0, so we can now set up the simplex
tableau ready for solution. Thatis............

Basis X y zZ W W, w3 |b check
w1 2 5 2 1 0 O |38 48
Wy 4 2 3 o 1 o0 |57 67
w3 1 3 ) 0O 0 1 |57 67

P -2 -6 -4 0O 0 O 0 |—-12

Now we just apply the normal simplex routine until there is no
negative entry in the index row.

Remember:

(1) to replace the basic variables as the problem variables become
available at each stage, and

(2) any variable not appearing in the basis column has zero value.

Now you can work the solution right through and then check the
result with the next frame. Take your time: there are no snags.
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Basis x y z Wi wz w3 b check
wi || 2 1 0 O 38 48
) 3 0 1 0 57 67
w3 5 0 0 1 57 67
P -2|-6/-4 0 0 O 0 | —-12
m | 2@ % % o o [l %
W 4 2 3 0 1 0 57 67
w3 1 3 5 0 0 1 57 67
P -2 -6 -4 0 0 O 0 | -12
ywe ¢ 11 % 5 0 0 T %
Wa L o] 1 -2 1 0 20 29
ws |- o]®]-F o 1 [ ] 1
P ;i o|-§ ¢ o o || 2

i1 ¢ ¢ 0 0 | B %
W2 1 o 1 -2 1 0 20 z0
ws |- o (D - o § 9 mu
P § o-¢ ¢ o0 o || 2

B 10§ 0 - | 4| W
we | 0 0 -F 1 -3 22| 4
zws | -4 0 1 -% 0 9 23
P ¥ 0o o ¥ o % 60 uzez

S, Pmax =60 with x=0,y=4,z=09.

Do you agree?

If so, on to the next frame

Example 2

Maximise @ P=3x+4y+ 5z
subject to 2x+4y+3z<80
4x+2y+ z<48

x+ y+2z<40

x9,2>0

It is much the same as before. Work through it carefully and then

check with the next frame.
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7, z=14.

", Pmax =113 withx=5,y

Next frame

Now let us meet a further complication.
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Artificial variables

So far, our approach to each problem has been the same.

(a) We first of all convert the ‘less than’ inequalities into equations by
the inclusion of slack variables.

(b) If there are now n variables and m constraints, then at least (n — m)
variables are equated to zero - usually x, y, z, etc. — so that the
initial basic solution is given by the slack variables, the coefficients
of which form the unity matrix in the tableau.

(c) We then proceed by the simplex method to convert the basic
solution to one containing the problem variables, the tableau
entries for which now form a new unity matrix.

(d) The method is repeated as necessary. When no negative entry
remains in the index row, the value of P denoted in the constant
column is the optimal value of the objective function.

Now let us look at this example.

Example 1

Maximise P=7x+4y
subjectto 2x+ y <150
4x+ 3y < 350
x+ y> 80 (x,y>0)
Converting the inequalities to equations, we have

2x+ y+wm =150
4x + 3y +ws =350
x+ y —w3= 80

Also, of course, P — 7x — 4y = 0.
NOTE that since the third constraint is a ‘greater than’ statement, we
must subtract the slack positive variable (w3) to form the equation.

Alternatively, we could have written the inequality as —x —y < —80 so
that —x —y + w3 = —80 and so x + y — w3 = 80.

Forming the first tableau, in the usual manner, we obtain
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Basis X y w1 wy, ws b check
w1 2 1 1 o0 150 154
W, 4 3 0 1 350 358
w3 1 1 0 0 -1 80 81

P -7 -4 0 O 0 0 -11

Now we are stuck, for we do not have a unity matrix to start off with.
The entry in the ws; column is -1 and not the necessary +1, and no
amount of manipulation will help since the entries in the constant
column (b) are, by definition, positive.

So how can we find a starting technique?

Let us restate the problem.

Maximise P =7x+4y

subjectto 2x+ y4+w; =150
4x + 3y + W =350
X+ y —w3= 80

The trouble comes in the third constraint by virtue of the negative
sign of the slack variable. To save the situation, we introduce a new
small positive variable (w4) so that wi,w; and w4 will give rise to a
unity matrix and the simplex computation can then proceed. Of
course, w, is ficticious, is extremely small and cannot appear in the
final basic solution. To establish this, we include in the objective
function a new term —Mw,, where M is an extremely large positive
value which will ensure that w, will ultimately vanish. So we now
write

P=7x+4y — Mw,

The new variable, wy, is called an artificial variable: it is introduced
solely so that the simplex procedure can be carried out; and it must
not appear in the final basic solution listed in the basis column.

The third constraint above now becomes
X+y — w3 +wy =80
Next frame
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We now have

2x+ y+w =150
4x + 3y +wy =350
X+ y -w3+ wy= 80
P—-7x—4y +Mws= 0

Forming the tableau in the usual way:

Basis X y wi Wz W3z W b check
w1 21 1 0o o0 O 150 154
Wy 4 3 0 1 0O O 350 358
Wa 11 0 0 -1 1 80 82
P -7-4 0 0 O M 0 M-11
Note that:

(1) The columns headed wy, w2, ws now form the unity matrix.

(2) There are now 6 variables and 3 constraints, i.e. n =6 and m = 3.
At least (n — m), i.e. 6 — 3 = 3, variables are put equal to zero. We
start off with x, y, ws as zero and wi,w;,wy form the first basic
solution with the values given in the b column.

We now proceed in the normal way. Solve the first tableau and check
the results so far in the following frame.
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Basis x y w1 W2 W3 Wa b check
w1 2 1 1 0 0 0 | 150 154
wa 4| 3 0 1 o0 0 | 35 358
Wy 1) 1 0 0 -1 1 80 82

P -7 | -4 0 o0 M 0| M-11
w @D 1 1 o0 0 75 77
wa 4 3 0 1 0 | 350 358
Wy 1 1 0 0 -1 1 80 82

P -7 -4 0 o0 M 0| M-11

X Wy 1 4 i 0 0 75 77
wa 0 1 -2 1 0 0 50 50
Wy o 3 -} 0 -1 1 5 5

P 0 -1 Z 0 0 M | 525 | M+528

The basic variable w; can be replaced by x and we continue as before to

remove the further negative entry in the index row. Do that
Basis X y w1 Wy w3 Wy b check
x 1|14 10 o 0 75 77
W2 0| 1] -2 1 0 0 50 50
Wa o| il -3 0 -1 1 5 5
P 0 |-1 Z0 M 525 M +528
1 1 10 0 75 77
Wy o 1 -2 1 0 50 50
W4 o M -1 0 -2 2 10 10
P 0o -1 Z 0 0 M 525 M +528
X 1 0 1 0 -1 70 72
wy 0 0 -1 1 2 -2 40 40
Y e 0O 1 -1 0 -2 2 10 10
P 0 O 3 0 -1 M+1 530 | M+533

The basic variable w, is now replaced by y (the column of the last unit
pivot). We now have another negative entry in the index row, so we
have to perform the simplex calculation yet again.

For the next round, we get ............
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Basis X Yy Wi Wz W3 Wy b check
b4 1 0 1 0 -1 70 72
) 00 -1 1| 2| -2 40 40
y 01 -1 0]-2 2 10 10
P 00 3 O0(-1|M+1 |530 M +533
10 1 0 1 -1 70 72
w2 oo -1 1 » 1 20 20
y 01 -1 0 -2 2 10 10
P 00 3 0 -1 M+1 |530 M 4533
x 10 2 -1 o o |50 52
W3 W oo -} L 1 -1 20 20
y 01 -2 1 0 0 50 50
P 00 $ 1 0 M |50 | M+553

No further negative entry remains in the index row. The optimal
solution has been found, i.e.

Prmax = 550 with x = 50, y = 50.

In addition, we see that w; = 20 while w; = wy = w4 = 0 since they do
not occur in the basic variable column.
Notice, also, that wy, the artificial variable, does not figure in the
optimal solution — as indeed it must not.
Next frame

Here is one for you to do in the same way.

Example 2

Maximise @ P =2x+ Sy
subject to x4+ 4y <60
3x+2y <40
x+ y=212 (x,y=0)
Work right through it, just as before. The result is
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Because
x+4y +w =60
3x+ 2y + w2 =40
X+ y —ws+ wyg=12
P—-2x-5y +Mws= 0
Basis X y w wy ws Wy b check
wi 1[4 1 0 0 o0 60 66
wy 3|2, 0 1 0 o0 40 46
Wy 1@ o o0 -1 1 12 14
P |-2|=5] 0 o M 0| M-7
wy |-3 0 1 0 -4 12 10
w2 1 0 o0 1 -2 16 18
T 1 1 0 O0|-1] 1 12 14
P 3 0 0 O0|-5|M+5 | 60 | M+63
w -3 o 1 o @O -1 3 5
w, 1 0 0 1 2 -2 16 18
y 1 1. 0 0 -1 1 12 14
P 3 0 0 0 -5 M+5 | 60 [ M+63
wswe (31 0 1 0 1 -1 3 5
wa 510 -+ 1 0 o 10 13
y il1 1 o o o 15 3
P |3/ 0o 5§ 0 0 M 75 | M+1L
ws |-2 0o 1 o0 1 -1 5
w |D 0 -3 % o0 4| %
y i1 {1 o o o 15 3
p (-2 o 5 o0 o0 75 | M+t
w3 o 0o & & 1 -1 32
AWy 1 0-f %2 o0 o %
y o 1 & -+ 0 o0 14 3
p o o §§ & o M 78 | M43

. Ppax =78 with x=4, y=14.
On to the next frame
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We are not always as lucky as we were in the previous two examples
and other steps sometimes have to be taken to remove the artificial
variable. Consider the following case.

Example 3
Maximise P=8x+4y
subject to 2x+ 3y <120

x4+ yp< 45
-3x+Sy> 25 (x,y>0)

Inserting the slack variables and artificial variable as required, we have

2x+3y+wr =120
X+ y +wy = 45
—3x+ Sy —w3+ wg= 25
P—-8x—4y +Mw,= O

That is very much as before, so work through it and check with the
next frame.

Here it is.
Basis X Yy W1 Wy W3 Wy b check

w1 2 31 0 0 O 120 126

w2 @ 0 1 0 0 45 48

Wy -3 5 0 -1 1 25 27
P -8/ -4 0 O M 0 M-12

w1 o 1 1 -2 0 30 30

X Wy 1 1. 0 1 0 O 45 48

*—1> Wy O 8 0 3 -1 1 160 171
P 0O 4 0 8 0 M 360 | M+372

There is no further negative entry in the index row, so it looks as
though the optimal solution has been attained. However, the artificial
variable w, still remains in the basic variable column at * and thus
must be removed. Therefore, we take the entry at the junction of the y
column and the wy row as the pivot and proceed to eliminate w, by
simplifying the tableau a stage further.

If we do that, we get ............
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Basis Xy wg wy ws Wy b check

wy 01 1 -2 0 0 30 30

x 11 0 1 0 0 45 48
s4> wy | 0[8]0 3 -1 1 160 171
P 04 0 8 0 M 360 | M+372

wi 01 1 -2 0 0 30 30

! 11 0 1 0 o0 45 48

> Wa oo 3 -1 1 20 m
P 04 0 8 0 M 360 | M+372

wy oo 1-2 1 -1 10 &

X 100 § 1 -1 25 2

ywe |01 0 § -5 g 50 X
P 00 0 L LI M-1/|280 | M+

The artificial variable, w,, is now replaced by y in the basic variable
column and the optimal solution has been reached.

.. Pmax =280 with x =25, y =20.
Next frame

Now here is one for you to deal with.

Example 4

Maximise P =10x+ 2y
subjectto —x+2y < 60
Sx + 4y <260
-x+8y> 80 (x,y=>0)
Work through it as before and see if you agree with the solution in the
next frame.
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—Xx+2y+w = 60
Sx+4y  +w =260
—x+8y —-w3+ wy= 80
P—10x -2y +Mw,= O
Basis X y w1 wa w3 Wy b check
w -1 1 0 0 o0 60 62
w, 5 0 1. 0 O 260 270|
Wa -1 0 0 -1 1 80 87
P 10/ -2 0 0O M 0| M-12
w1 -1 2 1 o0 0 60 62
w2 M 420 Lt o0 o0 52 54
Wa -1 8 0 0 -1 1 80 87
P -10 -2 0 0 M 0| M-12
wi o 2 1 i 0 112 116
X Wg 1 ¢ 0 1 0 0 52 54
wly Wi 0 o L -1 1 132 141
P 0 6 0 2 0 M 520 | M+528
wi 0o ¥ 1 1 o o 112 116
x 1 ¢ 0 1 o0 o 52 54
X Wy o M o H —u  u 15 705
P 0 6 0 2 0 M 520 | M+528
w1 o o1 % £ -Z 70 1565
x 1 0 O % 1—11 - 1_1f 40 %3.
Y We 0 1 0 & -3 & 15 205
P 0 0 0 3 3B M-3 | 430 [ M+32

. Ppax =430 with x =40, y = 15.

Now for another example
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Example 5
This one is slightly different, so take note.

Maximise P =11x+ 15y
subject to 3x+ 5y <130
—4x+5y > 2§
x+3y> 75 (x,y>0)
In this problem, notice that there are two ‘greater than’ inequalities so
that there will be two slack variables to be subtracted and two artificial
variables to be incorporated. In the objective function, we can use the

same factor, M, for both artificial variables, since neither of those two
variables will appear in the final optimal solution. So, we have:

3x+ Sy+wp =130
—4x+ Sy —wy + Wy = 25
x4+ Sy —w3 + ws= 7§
P—-11x—-15y +Mws+Mws = 0

w1, Wg, ws now form the unity matrix from which to start. The method
is just the same as in previous examples, so finish it off.
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420 with x=15,p

Prax =

So there it is.

=0.

W2 =Wg =Ws

Incidentally, also, wz = 25 and w;
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Our examples on the use of artificial variables have so far concerned
only two problem variables, x and y. The method, however, is exactly
the same when more problem variables are involved, though,
naturally, the solution then becomes somewhat longer.

Here is one for you to work through: it brings in most of what we
have covered and provides excellent revision. The result is given in the
next frame.

Example 6

Maximise P =24x+ 21y + 30z

subject to  12x + 4y + 8z < 240
8x+3y+3z<140
6x+2y+3z>110 (x,y,z>0)

Prmax = 750 with x =10,y =10, z= 10

The simplex technique is designed to maximise a given objective
function in the light of stated constraints. However, a problem
requiring the minimisation of an objective function (denoting costs,
machine idling time, etc.) can easily be converted for solution by the
same method.

For this, move on to the next frame

Minimisation

If P denotes the objective function to be minimised, we write Q as the
negative of this function. Qmax is then determined by the usual
simplex method and, finally, the negative value of Qmax is the value of
the required Pjn.

i.e. Write Q = —P. Determine Qmax in the normal way.
Then Pupin = —(Qmax)-

Example 1

Minimise P =-3x+4y
subject to x+3y <54
3x+ y<34
—x+2y>12 (x,y>0)
First write Q = —P, i.e. Q = 3x — 4y, and maximise Q.

Inserting the usual slack variables and artificial variable as needed, we
have............
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x+3y+w =54
3x+ y + wo =34
—-Xx+2y —wi3+ wy=12
Q- 3x+4y +Mws= 0

Now we just carry out the usual simplex routine to evaluate Qmax and
hence Prin, since Poin = —(Qmax)- Pmin =-+vvvvvnenn.

Pmin =16 with x=8,y=10

Because Qmax = —16 and hence Ppin = —(Qmax) = 16.

The full working is available in the next frame, should you need to

refer to it. If not, move straight on to Frame 65

Basis X Yy w wy ws Wy b check
w [1]3 1 0 0o o 54 59
w2 [3[1 0 1 0 o0 34 39|
we |-1]2 0 0 -1 1 12 13
Q |-340 0 0 M 0 M+1
w1 13 1 0 0 54 59
w |1 o L o o 3 13
we |-1 2 0 0 -1 1 12 13
Q |-34 0 0 0 M 0 M+1
wi 0§ 1-2 o0 o0 128 46
XWa 130 5 0 O 3% 13
*—> Wy 0 0o 1 -1 1 70 26
Q 050 1 0 M 3¢ | M+40
w1 08 1-1 o0 0 128 46
x 110 L 0o o = 13
Wy oo -3 3 10 v
Q 050 1 0 M 34 | M+40
wi |00 1-5 8 _8 16 114
x 100 2 1 -1 8 &
ywe | 01 0 F -3 3 10 7
Q 00 0 2 L M-L | 16 | M-10

£
%

[

|
[uy
=)}

‘. Pmin =16 with x=8, y =10.
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Example 2

Minimise @ P=-2x+8y
subject to 3x+4y <80
-3x+4y> 8
x+4y >40 (x,y>0)
Note that we have two constraints that are ‘greater than’ inequalities,

so, beside the slack variables, we shall need two artificial variables.
The three constraints in their new form therefore become

3x+4y+w =80
—3x+ 4y ) + wy = 8
x+ 4y - W3 +ws =40

and, in the subsequent manipulation, we must see that wy and ws
disappear from the basic solution before the optimal solution is
obtained.

The objective function P is now replaced by Q (= —P) and the new
form of Q is written as

Q—2x+8y+Mws + Mws =0

because
P=-2x+8y ... Q=-P=2x-8y
and with the artificial variables Q =2x — 8y — Mw,; — Mws.
S Q—2x4+8y+Mws+Mws =0

In this example, wi, w4, ws will form the unity matrix, so work
through the solution in the usual way. Simplify the initial tableau and
then refer to the next frame.
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Basis X Yy W W W3 Wg Ws b check
wi 31 4 1 O 0 0 o 80 88
Wy -3 4 0 -1 0 1 O 8 9
Ws 11 4 O -1 0 1 40 45
Q -2/ 8 O O M M 2M + 6
w (D4 3 0 o0 0| ®| %
Wy -3 4 0 -1 0 1 O 8 9
Ws 1 4 0 0O -1 0 1 40 45
Q -2 8 O O M M 0 2M +6
X Wy 141 o oo0 o | & L
F—> Wy 0 8 1 -1 0O 1 o0 88 97
*—>  Wg o 8- o0 -1 0 1 e v
Q 0% 2 0o oM M | | oM

At this stage, there is no further negative entry in the index row, but
we still must get rid of wy and ws from the basic variable column. Let
us start by dealing with ws.

We will take the entry § at the intersection of the ws row and the y
column as the next pivot and launch forth on the next stage.
Complete the second stage and then again refer to the next frame.

Here is the working of stage 2.

Basis X y Wi Wy W3 Wg Ws b check
x 14 1 o o o o & 8
2 08 1 -1 0 1 0 88 97
ws | o8] -1 1 0 1 4 y
o2 2 0 0 M M 160 | 2M +134
x 14 L o o0 o o %0 88
Wa 08 1 -1 0 1 0 88 97
ws |0 -4 0 -3 o 3 s gz
Q 0% 2 0 0 M M 10 | oM+ 13
x 1o I o } o -1 20 4
> Wy oo 2 -1 3 1 -3 48 50
yws |01 - 0-}3 0o 3} 5 ¥
Q 00 2 0 4 M M-4 0| 2M+2
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At this point, ws is replaced by y in the basic variable column.

Now we deal with wy by taking the entry 2 at the junction of the w,
row and the w; column as the next pivot. That should do the trick, so
finish off the solution and check with the next frame.

Prin =48 with x=8,y=8
Basis Xy w wy W3 2 Wws b check
X 10 L o i o -I 20 3
*> Wy 00 -1 3 1 -3 48 50
y 01 -1 o -} 0 3 5 &
Q 00 2 0 4 M M-4 0| 2M+2
X 10 L o LI o -1 20 2
wy oo » -1 3 1 3 24 25
y 01 -3 0 -¢ 0 3 ¥
Q 00 2 0 4 M M-4 2M +2
X 10 o 1 -1 1 1 9
Wi W oo 1 -1 3 i 3 24 25
y o1 o 42 & 3 8| 9
Q 00 0 1 1 M-1 M-1| —-48 | 2M—48

wy in the basic variable column is now replaced by wi, so the
conditions are satisfied at last. From the final tableau, we have

Qmax = —48 But Ppin = —(Qmax) = 48

J. Ppin =48 with x=8, y=8.

By this means, then, we can solve minimisation problems by the
simplex method and so widen the scope of this valuable technique.

Applications

So far we have seen how to solve a typical linear programming
problem by the simplex method, when the data are presented as a
linear objective function and a number of linear constraints in the
form of equations or inequalities. A practical problem, however, must
first be interpreted into algebraic form and we conclude the
Programme with a brief reference to this initial requirement. Let us
consider the following example.
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Example 1

A firm manufactures two types of couplings, A and B, each of which
requires processing time on lathes, grinders and polishers. The
machine times needed for each type of coupling are given in the table.

Coupling Time required (hours)
Pe 1" Lathe | Grinder | Polisher
A 2 8 S
B 5 S 2

The total machine time available is 250 hours on lathes, 310 hours on
grinders and 160 hours on polishers. The net profit per coupling of
type A is £9 and of type B £10.
Determine
(a) the number of each type to be produced to maximise profit
(b) the maximum profit.
If we let x = the number of type A units to be produced
y = the number of type B units to be produced
the objective function to be maximised can be expressed as.............

P =9x+10y

Now we have to sort out the constraints from the given data.

Total time available on lathes = 250 hours
.. 2x+ 5y <250 (lathes)

Similar statements for the grinders and polishers are ............

8x + 5y < 310 (grinders)
Sx + 2y <160 (polishers)

The problem now can be expressed as
Maximise P =9x+ 10y
subject to  2x + S5y < 250
8x 4+ 5y <310
Sx+2y <160 (x,y>0)

Then we go through the usual process. Inserting slack variables to
convert the inequalities into equations, we have ............
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2x+ Sy+wi =250
8x+ Sy +wy =310
Sx+ 2y + w3 =160
P—9x — 10y = 0

and the solution then develops in the usual way. Work through it
carefully - it is all good practice - and see if you agree with the result
given in the next frame.

The resultis ............

Ppax =550 with x=10,y =46

The maximum profit of £550 occurs with a manufacturing schedule of

10 couplings of type A
and 46 couplings of type B.

Now for another, so move on.

Example 2

A firm produces three types of pumps, A, B, C, each of which requires
the four processes of turning, drilling, assembling and testing.

Pump Process time (hours) per pump Profit per
type Turning | Drilling | Assembling | Testing 4 uénp
A 2 1 3 4 84
B 1 1 4 3 72
C 2 1 2 2 52
Total
available 98 60 145 160
time
(h/week)

From the information given in the table, determine
(a) the weekly output of each type of pump to maximise profit
(b) the maximum profit.
So, if we let x = the number of pumps, type A
y = the number of pumps, type B
z = the number of pumps, type C

we can interpret the problem into its algebraic form, which is
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Maximise P =84x+72y+ 52z

subjectto 2x+ y+2z< 98
x+ y+ z< 60
3x+4y+2z < 145
4x+3y+2z<160 (x,y,z2>0)

Inserting the slack variables and expressing the problem as equations,

we have
2x+ y+ 2z+w = 98
x+ y+ z + w2 = 60
3x+ 4y+ 2z +ws =145
4x+ 3y+ 2z +wyq =160
P—84x—72y — 52z = 0

Now you can proceed to set up the simplex tableau and solve the
problem on your own in the usual manner. It is very similar to the
other examples you have worked earlier in the Programme.

The result you no doubt get is

Ppax = 3652 with x=23,y=8,z=22

i.e. by producing 23 pumps, type A

8 pumps, type B
22 pumps, type C

the maximum profit of £ 3652 is attained.

Care with the calculations and constant use of the check column
provide the key to avoiding errors in the working.

That completes the Programme. Check down the Revision sum-
mary that comes next, in conjunction with the Can You? checklist,
before working through the Test exercise that follows thereafter. As
usual, a set of Further problems provides further necessary practice
in these useful techniques.
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% Revision summary 23

1 Optimization — determination of an optimal value (maximum or
minimum) of an objective function subject to a set of constraints.

2 Linear programming (linear optimization) — optimization where the
objective function is a linear function and the constraints are
linear equations or linear inequalities.

Inequalities — multiplying or dividing both sides by a negative
factor (—k) reverses the inequality, i.e. > becomes < and <
becomes >.

w

4 Problem variables (x, y, z, etc.) are always non-negative.

S Feasible solution — a set of variables that satisfies all the given
constraints.

6 Optimal solution — a feasible solution for which the objective
function becomes a maximum (or minimum) within the
constraints.

Basic feasible solution — a feasible solution for which at least (n — m)
of the total variables are zero, where

n = total number of variables in the constraints

m = number of constraints.

8 Basis — collection of the m variables which are not put equal to
Zero.

9 Basic solution — solution obtained by equating (n — m) variables to
zero and solving for the remaining m variables.

10 Graphical solution
(@) Constraints — graphs of constraints form the feasible polygon
or feasible domain.

N

Feasible point or feasible solution — coordinates of all points
within the feasible polygon or on its boundary (OABCD).

(b) Objective function P=ax+by .. y=— %x +1—; represented

by a set of parallel lines, slope — %, intercept g Line through

the extreme point C gives Pmax, the optimal value of P.
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11 Slack variable - non-negative variable added to, or subtracted from,
a linear inequality to form a linear equation.

12 Simplex method of solution — computation.
Refer back to Frame 34.
Where necessary, we multiply an inequality by (-1), with

consequent reversal of inequality sign, to ensure that the right-
hand side constant term b; > 0.

13 Artificial variable — to convert a ‘greater than' inequality to an
equation, the slack variable required must be subtracted. To
complete the unity matrix in the tableau, a further artificial
variable w; is included to allow the simplex procedure to continue.
Such artificial variables must be eliminated before the optimal
solution is finally attained.

The objective function P = ax + by becomes P = ax + by — Mw;.

14 Minimisation - If P is the objective function to be minimised
(a) write Q =-P
(b) maximise Q by the usual simplex method
(c) then Qmax = (—P)pax = —(Pmin)

i.e. ijn = _(Qmax)

P4 Can You?

Checklist 23
Check this list before and after you try the end of Programme test.

On a scale of 1 to 5 how confident are you that Frames
you can:

e Describe an optimization problem in terms of the
objective function and a set of constraints?

Yee [J 0O 0O 0O [ No

e Algebraically manipulate and graphically describe
inequalities?

Yes I L A A R O No

e Solve a linear programming problem in two real
variables?

Yes O O O O [J No

e Use the simplex method to describe a linear
programming problem in two real variables as a
problem in two real variables with two slack variables?

ve [ 0O O 0O 0O No
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e Set up the simplex tableau and compute the simplex?

Yes O ] ] U OJ No

e Use the simplex method to solve a linear programming
problem in three real variables with three slack
variables?

Yes O O O U L No

e Introduce artificial variables into the solution method
as and when the need arises?

Yese [0 0O OO 0O 0O No
e Solve minimisation problems using the simplex
method?

Yes ] ] L] L] [l No

e Construct the algebraic form of the objective function
and the constraints for a problem stated in words?

Yes ] ] [] ] ] No

Test exercise 23

1 Using a graphical method, maximise P = x + 2y subject to the constraints
—3x+4y< 8
x+4y<16
3x+2y <18
x,y> 0.
Note: Use the simplex method to solve Exercises 2 to 6. In each case, all
variables are non-negative.

2 Maximise P=-3x+4y 3 Maximise P =8x+12y+ 10z
subject to 3x -2y <15 subjectto  4x+3y+2z<64
x+ y<10 2x+ y+4z<48
—x+4y <15 x+2y+ z<24.
-2x+ y< 2.
4 Maximise P =44x+ 20y § Minimise P=3y—4x
subject to 12x + 6y < 84 subject to x+ 4y <60
3x+ 2y > 24. 2x+ y <22
—x+ y> 7.
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6 A firm makes two types of containers, A and B, each of which requires
cutting, assembly and finishing. The maximum available machine
capacity in hours per week for each process is: cutting 50, assembly 84,

finishing 72.

The process times for one unit of each type are as follows:

Time in hours

Process A B
Cutting 2 S
Assembly 4 8
Finishing 4 S

If the profit margin is £600 per unit A and £1000 per unit B, determine
(a) the optimum weekly output of containers

(b) the maximum profit.

Further problems 23

Graphical Solution

1 Maximise P=—-x+8y
subject to —3x+4y <10
—x+4y<14
3x+2y <21
3x+ y<18.

3 Maximise P =>5x+4y

subjectto x—-2y< 2

3x—4y< 8

Sx + 6y < 45

x+3y < 18.

All variables in the following problems are non-negative.

2 Maximise

subject to

P=—4x+8y
x+3y< 57
7x+ 4y <110
—x+ 5y < 40.
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Simplex Solution

4 Maximise
subject to

6 Maximise
subject to

8 Maximise

subject to

10 Maximise
subject to

11 Maximise
subject to

P=2x+y 5
x+4y <24
x+ y< 9
x— y< 3
x—2y< 2.
P=x+2y 7
-2x+ y<1
—x+ y<2
x+ y<6
2x -3y <L 2.

P=3x+4y+5z 9
Sx+4y+ 8z<40
3x+2y+122<30

Y < 8.

P=4x+3y+3z
4x+ y+2z<40
x+4y+ z<50
2x + 3y + 4z < 60.

P=53x+36y+20z
2:1x+43y+15z< 70
32x+14y+22z< 60
1-6x + 6-2y + 3-1z < 100.

Artificial Variables

12 Maximise
subject to

14 Maximise
subject to

16 Maximise
subject to

P=8x+ Sy 13
2x+ y <80
x+3y<90
x+ y=>30.
P=3x+4y 15
x+4y <76
—5x+ 8y > 40
—x+4y > 32.

P =65x—23y 17
Sx— y< 30
10x + 4y > 150.

Maximise
subject to

Maximise
subject to

Maximise
subject to

Maximise
subject to

Minimise
subject to

Maximise
subject to

P=-3x+4y
3x—4y <12
Sx+4y <36
-x+3y< 8
-3x+ y< 0.
P=4y-—-3x
x-2y< 0
x— y< 2
x+2y <14
—-x+2y< 6
-3x+2y< 2
P=3x+4y+3z
2x+3y +4z< 58
4x+2y+3z<51

3x+4y+2z<62.

P=12x+8y
x+2y<20
4x— y< 8
-x+ y> L
P=4x+ 5y
x+2y <63
3x+ y<70
2x+ y>42
x+ 4y > 84.
P=24x—-8y
x+ 3y <360
2x+ y <850
—5x + 25y > 320.
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18 Maximise
subject to

19 Maximise
subject to

20 Maximise
subject to

21 Maximise
subject to

Minimisation
22 Minimise
subject to

24 Minimise
subject to

26 Minimise

subject to

27 Minimise
subject to

P=4x+2y
x+ 2y <60
3x+ 2y <80
—3x+ 10y > 40.

P =18x+ 40y + 24z
Sx+2y+4z<63
2x+4y+2z<42
2x+3y+ z>3S5.

P = 60x+ 45y + 25z
4x + 8y +2z<160
6x +3y+4z< 168
4x + 3y + 3z > 128.
P=12x+8y—10z
4x+2y —3z< 210
6x+8y+ z<630
2x— y+4z>210
x+ y+ z<180.

P=—4x+3y
x+4y <20
2x+ y<12
x— y< 3.
P=—4x+8y
—Sx+4y <32
7x+4y < 80
—x + 8y > 40.

P=4x—8y+5z
2x+3y+ z<70
x+2y+2z<60
3x+4y+ z<84
x+ y+ z2>33.
P=6x—-5y—-3z
Sx + 8y +4z <220
2x+ y+6z<154
dx+2y+ z> 77
x+ y+2z> SS.

23

25

Minimise
subject to

Minimise
subject to

P=-5x+8y
x+2y <40
3x+2y <48
—x + 4y > 40.
P=2x+8y
-x+2y< 24
7x+ 6y <132
-x+2y> 4
x+2y> 12.
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Applications

28 A firm manufacturing two types of switching module, A and B, is under

29

contract to produce a daily output of at least 35 modules in all.
Assembly and testing times for each type of module are as follows:

Module type Processing time (hours)
Assembly Testing

A 1-0 2:0

B 2-0 1-0

Available staff resources provide a daily maximum of 80 hours for
assembly and 55 hours for testing.

The profit on the sale of each A-module is £40 and of each B-module
£50. Determine

(@) the daily production schedule for maximum profit.

(b) the maximum daily profit.

Three different types of coupling units are produced by a firm. The
times required for machining, polishing and assembling a unit of each

type are included in the information given in the following table.

Type Process time (hours) per unit Profit (£)
of unit Machining | Polishing Assembling per unit
A 4 1 2 110
B 2 3 1 100
C 3 2 4 120
Available
time 320 250 280
(h/week)

The firm is required to supply a total of at least 100 units of mixed types

each week. Determine
(a) the weekly output of each type to maximise profit
(b) the maximum weekly profit.
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30 A firm makes three types of wooden cabinets, A, B, C, with profit
margins of £35, £30, £24 per unit respectively.

Time in hours per cabinet
Process A B C
Preparation 2 S 4
Assembly 2 3 2
Finishing S 4 3

The manufacturer has 25 men available for preparation, 20 men for
assembly and 30 men for polishing, and all staff work a 40 hour week.
To remain competitive, at least 300 cabinets in all must be produced
each week. Determine

(a) the number of each model to be manufactured each week in order
to maximise the profit

(b) the maximum weekly profit.




Appendix

1 Green's theorem

If P and Q are two functions in x and y, finite and continuous inside a
region R and on its boundary c in the x-y plane, with continuous first
partial derivatives, then Green’s theorem states that

5-2) -~ o

R

Proof of Green's theorem

Let the lower boundary of the region be the curve y; = f(x) and the
upper boundary the curve y; = F(x).

4 y2=F(x) y Y2=F(x)

K E !
c | N | | =
Pon=fx | ! yi=f() |
1 1 i
0o a b X (0} a b X
Using vertical strips, we then have
by p[ 77FR
[ [ Larae o]
v «In O “Lody=rw
b
— [ ey - Pouyo)y ax
a
b a
= —J P(x,y1) dx — Jb P(x,y,) dx
a
b a
— _{ J P(x,y1) dx + L P(x,72) dx}
a
— - §P(xy) ax (1)
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Similarly, using horizontal strips, we have

x1=8(y)

where x; =g(y) and x, =h(y) are the left-hand and right-hand
portions of the boundary curve c.

c

- “2_3 dxdy = J:l Q(x2,y) d}’—r Q(x1,y) dy
R

d c
= J Q(x2,y) dy + Jd Q(x1,y) dy

~$ awy) @y @)

[ Suo—f rena-f an

R

= —j@C{de—Qdy}
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2 2
= 9z) , (9z
2 Proof thatsecy= |1+ o) * 3y

Let @, B, v be the angles that OP makes with the x, y and z axes
respectively.

P(x,y 2)

Then x =rcoso; ¥y =1C0S f3; Z=1rCOSy

Also ¥ 4+y?4+722=r12

Ifr=1unit, thenx2+)2+22=1 . 22=1-x*-)?
z=(1-x2—pA)Y?

O (=2 =y P (2x)
—X
TVi-F-p
5 =312 )
_ -y
Y

‘ 8z\?  (8z\* x2 y?
. 1+<5;) + (5}’_> —1+1_x2_y2+1_x2_y2

1-x2—y2+x2+y?
1-x2—y2

1

l_xz_yZ_ZZ

But, withr=1, z=cosy % =sec?y

. osecy = \/1 + (%)2+(%)2

9291



992  Appendix

3 Vector triple products

(@ Ax(BxC)=(A-C)B—(A-B)C
(b) AxB)xC=(C-A)B—(C-B)A
Let A =a,i+ayj+aK; B=b+bj+bK;
C=cgi+gj+ck
Then B x C= (b +b,j+ bK) x (cd + ¢ + ¢,K)

i j k
=|by b, b,
G G
b, b |bx b, by by
=i -j +k
G Cx Cz G G
i j K
a a a
Then AxBxC)=| y ‘
by by| |b, by| |bx by
Cy CZ Cz Cx Cx Cy
i{aybx by|— a,|b, bx} i{axbx b,
[ C; Cx G G
ay|b, by
+k
C; G

= i {ay(bey - bny) - az(szx - bez)}
+ j{az(byc; — ¢yb;) — ax(bxcy — bycy)}

+ K {ax(b;cx — bxc;) — ay(byc; — bocy)}

= i {bxaxCx + bxayCy + bxazCZ - Cxaxbx —_ Cxayby - Cxazbz}

+ j{byaxcx + byay¢, + bya,c, — ¢yaxby — cyayby — cyazb,}

+ K {b,a.cx + b,ayc, + b,a,¢; — C,ayby — C,a,by — c,a;b,}

=1 {bx(axCx + ayCy + a:C;) — cx(axbx + ayby + azb,)}

+i{by(axcx + ayc) + asc;) — ¢y(axby + ayby + azb;)}

+ K {b;(axcx + aycy + a;c;) — c;(axby + ayby + a,b,)}
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Now  A-C=(ad+aj+ aK) - (i+ g+ cK)
= AxCx + AyCy + azC;
and similarly A B = ayb, + ayb, + a,b,
LAX(BXxC)=i{b(A-C)—c(A-B)}
+i{py(A-C)—g(A-B)}
+k{b,(A-C)—-c,(A-B)}.
.. Ax (BxC)=(A-C){iby+jby + Kkb;} — (A-B) {icx +jo, + Kc;}
SLAx(BxC)=(A-C)B-(A-B)C
In the same way, it can be established that
(AxB)xC=(C-A)B—-(C-B)A

4 Divergence theorem
(Gauss' theorem)

To prove that J divFdV = J F - ds for the region V bounded by the
v s
surface S.

dz [ SOV B

o y dy
x

Consider an element of volume dV = dxdy dz and let the components
of F in the x, y and z directions be denoted by F,i, F,j and F,k

respectively at any point P. We then determine J F.dS over the

element dV and finally sum the results for all such elements

throughout the region.

@) S1: ds; = dydz; n=i

—i

4 (F'ds)1 = (in+Fyi+sz) M (n) dS].
1 = (R + Fj + FK) - (i) dS;

-7 S =F X dS]_

S2 47

7,

i
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(b) Sz : dS; =dydz; n=-i
oo (E-dS), = (Fd+ Fyj + FK) - (—i)dS;
= —F,dS;
Combining these two results, we have
(F-dS); + (F-dS), = (FxdS); — (FxdS),
0

_OF _ (OFy
J F-ds_a dSdx = (ax)dxdydz
NE)
Similarly, for S3 and S4 we have
- i 5| ) oF,
«_S:,J______._- - J F.dS = 5 dXdde
/’/ 83+ 84
and for S5 and Sg
k
i %Ss
i J F-dsz(%)dxdydz
A== oz
ad SS' 85456
i

@

)

@)

These three results together cover the total surface of the

element dV.

(O OB O
J F-dS—(8x+ay+az)dxdydz_d1deV
8.5

Finally, summing the results for all such elements throughout the

region with dV — 0 and dS — 0, we obtain

J dideV:ZJF-dS with dS — 0
v
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On the common boundaries between adjacent elements, the values

of IF - dS cancel out. On the boundary surface, however, there are no

such adjacent faces and the integral f{’ F - dS remains.
s

J didesz F-ds
v s

5 Stokes' theorem

If F is a single-valued vector field, continuous and differentiable over
an open surface S and on the boundary c of the surface, then

J curlF-dS:S’; F-dr
s

C

Proof of Stokes' theorem

Consider the surface S divided into small rectangular elements and let
ABCD be one such element. If axes of reference x and y be arranged to
coincide with AB and AD respectively as shown, a third axis z will then
be normal to the surface at A.

If AB=dx, then dx =idx and
if AD =dy, then dy = jdy.
Let F, denote the vector field at A; F, that atB; F thatatC; andF;
that at D. Now consider each side in turn.
AB: F-dr=F, -dx = {Fui+Fyj+F;K} - {idx}=F,dx
BC: F-dr=F, dy = {Fpd + Fy)j + Fp Kk} - {jdy } = Fpy dy
CD: F-dr=F,-dx = {Fui+Fyj+F,K} - {-idx} = —F,dx
DA: F-dr =F¥;-dy = {Fui + Fgj +FzK} - {—jdy} = —F4 dy
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(@) AB +CD:
D c
;' ! JF-drzFaxdx—Fadx
i
! |
i : d = —(Fox — Fax) dx
! ! = — §F, dx
A dx B OF,
=—-——Z"dydx
3y y
OF,
F.dr=-—-——=dxd 1
By y (1)
(AB+CD)
(b) BC + DA:
D [

jF-dr:F;,,,dy—dedy

= (Fpy — Fg) dy

_9%
= DY

oF,
F-dr=—Ldxdy 2)
(BC+DA)

Adding these two results together for the complete rectangle, we

have
__ [OF, 0OF,
F-dr_{ax ay}dxdy 3)
(ABCD)
i j k
a 0 0
NOWCUI‘IFZBE a—y 52
Fx Fy Fz
_ (% OB _(0F _OF\ | (OF, o,
_‘(ay 8z> i(ax c’)z>+k(0x a3y
OF, OF,\ _
From (3) J F.-dr=curl F-kdxdy =curl F-dS
ABCD

Summing for all such elements over the surface

qurlF-ds:LimZ{ J F-dr} )

dr—0
N ABCD
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JF - dr on boundary lines between adjacent rectangular elements will
cancel out, except on the boundary curve ¢ of the surface S. The

integral then becomes J) F-dr.
C

quﬂF-dS:%F-dr
S c




Answers

Test exercise 1 (page 42)

1

x=—-1-jV3 x> +2x+4=0 2 x=-4,6,3/2 3 x=-16=-5/3

4 x~1710 5§ x=~0454304 6 x=1317672 7 (a) 39-375

(b) 103-392 (c) 481-528 8 —12:8

Further problems 1 (page 43)

1

2
6
9
14
16
18

21

24
25

1;"/5 \1/21 B+ A+V)P+2+V2)2+(1+V2)x+1=0
x=1,6, -2 3 p=-5,q=-1 4 p= 4q95x 2,3 -3
x=1 -3,9 7 y»¥¥-52+17y-13=0 8 »*—-13y?+52y—-60=0
x=33, -1 10 x=-2,4,8 11 2y3—15y2+25y=0 13 08934
x=2732, —0732, —2:000 18 )3 -3y+2=0;x=-4, -1, -1
x=1646 17 (a) —0-6736 (b) 0-3717
(@) —2-3301, 0-2016, 2-1284 (b) 1, —0-50 £j1-66
(c) —2-115, 0254, 1-861 19 (a) —4-104, —0-9481 +j0-5652
() 05, —1-5, —1-5 (c) 025, 1+j3 20 (a) —2-456 (b) 1-765
(©) 0739 (d) 1-812 (e) 1-8175 (f) 0-5170 (g) 0-8449 (h) 0-8806
(a) 32:872 (b) 204-328 (c) 381:429 22 (a) —1-375 and 81-104
(b) 136971 and —363-429 23 (a) —6:048 (b) 461-496
(a) 133 and —9-048 (b) 0-136 and —65-433 (c) —199-112 and —867
0-02768 26 —1-0670 27 (a) —2-54846 (b) —2-41734 (c) —1-87134

Test exercise 2 (page 90)

1

4

32 2s s+4 s+2
@ 715 ® g6 © 4{45 ~SHas+6) () 5oy
6s s+2
(b) 2cosx/_t+ﬁsin\/§t—ef (©) (3t +2) - e

(d) L1{e!(17cos2t +9sin2t) — e} 3 (a) x=e X 473
(b) x=7{13e* — cos2t —sin2t} (c) x=1-5&¥ +5e

d) x_—-et<1 —t+£6i)

x=1{9cost—7sint —e3} y=3sint—2cost+e

Further problems 2 (page 91)

1

-4 4s 8 5 4s% — 245+ 38
@ 3520 O gy Oty @ T
(e)M ® 2 2 @ @ret ) 3¢t t2

(s2+1)° 5—2
(©) er{ +2t+1} (d) e*{2cost — 5sint} — 2¢%

998



Answers 999

(e) 3(cost—cos2t) (f) e*{cos4at—]sinat} 3 x=4e -2
x=3e"3 — 3 {cos2t +2sin2t} § x=e'(2t+1)+2t+4+cost
6 x=3e"-et-1e? 7 x=4%cos3t+sin3t+Lcos2t
8 x=1{e¥ —el(cos2t —2sin2t)} 9 x=}{22—4t+3+e (424 6t+1)}
10 x=2{2(¢e* —1)cos4t+ (e™¥ +1)sin4t} 11 x= (2t + 1)cos5t+tsin5t
12 x =4 {2e* + 3¢ % — 5(cos 3t —sin 3t)}

¥ =15 {5(cos 3t + sin 3t) — 3% — 2¢2}
13 x=1{7e6 45} y=1{7e615} 14 x=10c%+2 y=5e413
15 x=e-e'+2t y=3e'+le2+t-7 16 x=5¢"+3e! y=4e ¢t
17 x=4cost—2sint —}{8e' +e¥} y=6cost+2sint—%{2e7t + €}
18 x = 3${cos2t +sin2t — cosh v2t — v/2sinh v2t}
19 y=1{3sin2t —4cos2t+%sin3t +48cos 3t} —cos 4t

/3 3 5 3 1
20 x=cos (t 1—0) + Zcos(t\/g) y =gcos (t ﬁ) - Zcos(t\/g)

'

Test exercise 3 (page 109)

1 (a
3
F(s)=s—z{1—e‘2‘}
t
()
1 -6 ,—3s
F(s)=s+—2{1—e e}
t
©
2,12 1
Af-——————p———- e F@s)=5~—2¢ {s_3+s_2__s-}
2 —————— |
0 o S N +2e
o 1. 2 3 4 t 5

d
)
h ' _ 2 —TS
() 0 F(S)—m{l“e }
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2 f)=2-ut)-S-u(t—1)+8 u(t-3)

6—
————————————— S ——
4
A 2—|
(t)o C L 1
1 2 3 4 t
2}
}..____I____l
-4}

|
1
]
]
1
o) 1 2 3 4

1
1
]
!
f
1
1
I
|
1

5 t

4 f()=2 u(t)-2-u(t—1)+2 u(t —3)— 2 u(t —4)
Y2 u(t—6)—2-ult—7)+...

2 —_
f(t)

o 1 2 3 4 5 6 7 t

f)=2 0O<t<1 _
=0 1<t<3} e =f(t+3)

Further problems 3 (page 110)
1 f(t)=3-ut)+2(t—2) ut—2)—2(t—5)-u(t-5)
2 f()=t-ut)—(t—-1)-ut—1)+(t—2) ut—2)—(t—3) u(t—23)

3 o
=== T 4 3e3 2¢3
4 F(s) = 5 + 5 + 5

|
o 1T 2 3 .
4 @) fO)=t2-ut)— (2 —5t)-u(t-3)

(b) f(t) = cost-u(t) + (cos 2t — cost) - u(t — m) + (cos 3t — cos 2t) - u(t — 2m)

1 3 1 4
_p2s) 92\ _ ,-3) - | *
5 F(s)=e {sz+s} e {s2+s}

6 @ fO)=t2-ut)—t?-ut—2)+4-ut—2)—4-ut->5)
2 2B 4B 4e>
38 2 s
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Test exercise 4 (page 142)

1

3
4

NSO O

2(1 - e — 25¢%)

F(s) = 2 @ed bO (©11

s2(1 —e%)
@) F(s)=4e> (b) F(s) = e23+9)
f(t) 45(t-2)
350 l
L 1 F(s)=3+4e % -3¢™®
° 1 2 3 4 ¢
35(t—4)
x=e3{4sint — cost}

x=3etet ut—4)+e2{2 ut)—3e®-u(t —4)}
(@) f(t) =sint, frequency 1 radian per unit of time, period 27 units of time

®) @) = \/I—%e‘” 6sin (@) t, frequency @ radian per unit of time,

period 12n units of time

V53 .
Transient solution 3—9 (32\/5 sin V2t — 40 cos \/Et) ,

steady-state solution ng—e“

Further problems 4 (page 143)

2

3 a(l + e—ﬂ's) _ 1 w e ws
L{f(O)} = E+Dd—em 3 @ K= s_z_?{l - e—“"}
1 — 29 1-e(s+1)

(b) F(s) = G-DA e (©) F(s) =S en)

1 2 2% 4% 4o
@ F(S)_l—e-3s{§3__ 3 2 s }

x=isinwt 5 i=§cos(L

Muw L \ﬁf)
x=2¢2{1+106® - u(t — 4)} — 2¢73{1 + 10e'2 - u(t — 4)}

t t 1
7 () f(t =4\/§sin—————cos—, freque —— radian per unit of time,
@ 7@ 23 qunch\/gf p

2v3

period 47+v/3 units of time (b) f(t) = 2cos2v3t — E%sinzﬁt,

frequency 2+/3 radian per unit of time, period 7v/3 units of time

(@) f(t) = —4-485in0-69t + 1-06 cos 0-69t
m

®) F(t) = @72')—%5111[(1’5)’7]
421 V23, 1__ V23 t)

Transient solution e=3t/8| ~“__sin>~—"f — —cos——
923 8 9 8

steady-state solution %e‘
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Test exercise 5 (page 169)

3_ 4,2
1 ——Z_|Z_1provided|z|>1 2 2% 4z +(2a+1)z

(32— 4) 25z &7 e-a)
z(3z— z
(Z‘].)z' |Z|> 1 (b) mr IZI>5

4 {2k+3-2K1} § [Bu+4k—2%1} 6

3 (@
zsinT

72 —-2zcosT +1

Further problems 5 (page 169)

1

. 3 2
provided |z| > |a] 2 (a) {l—zuk - Z(—3)k +§(-—2)" }

z
zZ+a

o {Fu-5+303} © {Fe9+303 -2

1

3 {3000 & @ {umersre2r}

1 2
®) {guk—gk(—szg(—m"} 5 @1 ® 5

Z4+54+24+1 7 4+284+285+4241 Z+284+254241

© 77 @ 7 (® 410
O T 6 @ pu = {53 -228+ (1 | pork>1

®) fud = {3 - (2 )

© {x3}={103-7(2} @ {u}={6(2") - 3w}
2 zsinh T z(z — coshaT)
2310 -5 B @ ontri © Z-2zcoshaT+1
ze=T (ze°T — cosh bT)
— 2ze=T cosh bT + e~2aT

A

© Z

f(t

i g

o T 2T 3T 4T 5T..

Test exercise 6 (page 227)

1 (@) yes (b) yes (c) no (d) yes (e) no (f) no
2 f(x)=2r—4{sinx+1sin2x+1sin3x+ ...} 3 (a) odd (b) odd
(c) even (d) neither (e) neither (f) even

4 (a f(x)=g+%{cosx+—;-c053x+z—15c035x+ }
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6

®) f(x) = —Z{Sinx —%sin2x+%sin3x — } 5 (a) cosine terms only

(b) sine terms only; odd harmonics only (c) odd harmonics only
((s)) odd harmonics only

1 1
f(t)= 3 wz{COSwt+9COS3wt+25C055wt+...}

+%{sinwt - %sin&ut—k%sin?:wt - ... } where w = 7/2

Further problems 6 (page 228)

1

2

10

11

12

13

fix)= {smx+;sm2x+;sm3x+ }

f(t =—1—E{sinwt+%sin3wt+%sin5wt+ } wherew=7§r

1 1 1
f()——{2 = 3c032x 3X5cos4x—mcos6x—...}

T 4 1 1
f(x) —§+;{cosx+§c033x+2—5c055x+ }

2A 1 1
f(x) :7{1—2(1 = 3c052x+3—xgcos4x+ )}

1
gc055x+ }

T 2 1
(%) =Z—7—T{cosx+§COS3X +
+4sinx —lsin2x+1sin3x -
. 3

cos 4wt

i=f(t) =‘%{1 +Isinwt—2(1 1 3(:0524.ut+

1
2 3x5

1 2w
+5X7cos6wt+ )} wherew—?

fx) = {sm2x+lsm4x+ism8x+;sm10x+ }

@) fx) =ﬁ— (cost+;11—cos4x+%cos6x+ )

1 1
®) f(x) = 7r(smx+3351n3x+§3751n5x+ )

2(1 = 1 1
f(x) —7r{2+4cosx+1 X3c052x—mcos4x+ }

1 1 2 2
fx) = _;+zcosx —yc052x+mcos4x —

1 1
fix)= {smx—gsm3x+ﬁs1n5x— }

flt) = _4 {c051rt+;cos37rt+ }+%{Zsin7rt—%sin27rt+ }
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14 f(») =§— 4{cosx —%cost+%cos 3x—

15

16

16

fx)=7 —g{smx—%31n2x+ 1sm3x——1-sm4x—1r

3

4

2 4 1 1
f(x) —§+F{coswt—Zcos27rt+§cos37rt— }

17 f(x) = —{sinx+%sin2x +lsin3x +lsin4x+ }

18

19

20

3 4

lcos4x+ }

)

}

ft)= ——{smwt—stwt+;sm3wt+;sin5wt+ }wherew:w/z
1 1
fx)= —+4 cosx+4c052x+9cos?>x+
. 1. 1.
—4r smx+§sm2x+§sm3x+
f(t)=1-1-17coswt + 0-328 cos 2wt + 0cos 3wt + ...

+ 0-282 sinwt + 0-288 sin 2wt — 0-318sin3wt + ...

Test exercise 7 (page 268)

1

f=5

3\/3(

sinhacosw +jsinwcosha

n

. ) a
a+jw

a2 +w?

2nmt 2 (a ~ jw) sinh(a + jw)
Z— 2 F)=
n0 [

where w=7/3

L B+ w0) ~ Flw— o))

5 ZM(et—e‘“)u(t) 6 Fc(w) = szwl Fs(w) \/7k2+wz

Further problems 7 (page 268)

3

(&)=

o) =

Z 4n2

(o) 4

—-2n

4 & n ;
_ 7 —e]27rnt
T nzz—oo 4n? -1

LG} y

-~y

Nia



Answers
5
e -1
F) = n_z_:w
6

1 S t+m/2
f(t) = §+ Z e/(nwo+/)

n—-oo

n#0

NN
NAAYA

(€? — 1) cosw + w(e? + 1) sinw ° j(w(€® — 1) cosw — (2 + 1) sinw)

V2re(w? 4 1) V2re(w? 4 1)
(1 +e V27 cos(w/2)
10 \/;<—7r2—w2) 1 T
12
e-alt]
1
2a
F(w) aZ + u?
o t
13 (2 (0
A
—H
_ o 1

(b) f(t) =u(t—1)—2u(t) +u(t+1)

14

V2r(k2 —u?) (kZ —w?)

20

-1 p—

(©) Flw) = smz(w/Z)

(w[1 — cosm(k + w)] — jksinnm(k — w))

2
Fs(w) = 2\/;‘1—2:1_—&)7 {asinwcosa — jwcoswsina}

2 1 . . .
Fo(w) = Zﬁm{wsmwcosa +jacoswsina}

21 Fs(w)=0 F¢(w)=2coswsinct
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Test exercise 8 (page 324)

5x2  15x* 5x® 4x3  8x5
2 Y—“°{1+7+“s—+‘1€+~-}+ “1{"+—3‘+ﬁ+---}

X x2 X
3 @ }'=A{1‘1xz+(1xz)(2><5)‘(1xz)(2x5)(3><s)+"'}

1 X x2 X8
+B"§{1 TTx2 T AxDH2Zx7) AxDEx B x 10)+"'}

x4 x8
®) y=“°{1‘3><4+(3><4)(7><8)+ }
x5 x°
+a1{x_4x5+(4><5)(8x9)+ }
On=a{ 12 )

2
yB=B{lnx<—%—%— ...)+x‘2(1~x+xz+ )} 5 %Po(x)—ng(x)

Further problems 8 (page 324)
1 ys = 64¢*{16x3 + 60x% + 60x + 15}
2 yo=(-D'e*x}-3nx®> +n(n—1)3x—nn-1)(n-2)},n>3
3 Y, =480x+96 4 ys=—{(x* —180x2+ 360)cosx + (24x3 — 480x) sin x}
5 ys=—-4e*sinx 6 y;=2x(13+12Inx) 8 y¢=-—-1018
10 (a) y2n = {x® +2n(2n — 1)} sinh x + 4nx cosh x
(D) Yo = {x3 + 6n(2n — 1)x} cosh x + {6nx? + 2n(2n — 1)(2n — 2)} sinh x
11 s = 25¢2{2x% + 24x2 + 81x+ 75} 12 y; = 2v2a3e *{cos(ax + n/4)}
2 4 6 8
14 y=y0{1 +9%+158i_71i6+21l2x§+ } +y1{x+4—§}
15 y=A(1+x%)+Be™*
16 y=y0{1+32;<!x2+32 x ?; X )("‘_*_32 x 52;72 X x6+ }
42 x x> 42x6%x x5
+}'1{X+ 30 + 5] +}

4 6 L8
17 y=y1x+yo{1—x2—i(——x——£—— }

18 v 1_§+22xx4 23 x x6
Y=o 2 e Zxexe

3 22 x x5 23 x x7
+y1{x_?+32x52‘32x52x72+ }
x2 x3 xt
2><4+(2x3)(4x7)+(2x3><4)(4><7><10)+‘"}
x x2 x3
Tx5TAx2)5x8) T Tx2x3)Bx8x1D) }

19 y=A{1 +x+

+ Bx§{1 +



Answers

X2 x4 x3

20 y:ao{l—ﬁ-*-a—l— ...}+a1{x—§—|— ...}
x3 x6

21 y:a°{1+2><3+(2><3)(5><6)+"'}

x* x7
+"1{"+3><4+(3><4)(6><7)+ }
x x2 x3
Tixatax2@x7) Ix2x3)@Ex7x10) " }
X x2 x3
T1x2tAx2)2x5) Ax2x3)2x5x8) }

2 xt 3x8 (3)(5)A®
23 y=a1x+a°{1_ﬁ_ﬁ__67_—_sg__+ }

22 y=A{1

+ Bx—%{l

413175131

v:B{lnx(_—x‘}+i—...)+ <1+ X + X’ +)}
41317 5131 1x3 " (1x2)(2x3)
3x 3%2x x? 3B x X
F+ny+ﬂxﬁxy+“}
2 2 3 3
oafi(1 o B )
2x3x 3x3%2xx2 11x33xx3
"( 17 T TIEx22 TTEx22x33 )}

Y SRV
24 y=u+vwhereu=A{———+ }

25 y=u+vwhereu=A{1+

26 eigenfunctions: y,(x) = A,cos+/Ayx; eigenvalues: A, = )

27 Hy=1,Hy =2x, Hy =4x%2 -2, H; = 8x3 — 12x
28 Lo=1,L1=1—x,Ly=2—4x+x% L3 =6—18x+9x2 —x3

Text exercise 9 (page 367)

1 x y 2 X y
(0] 1-0 1 0
01 11 1.2 | 0204
0-2 1-211 1-4 | 04211
0-3 1-3352 1-6 | 0-6600
04 1-4753 1-8 | 09264
05 1-6343 2:0 | 1-2243

(2n + 1)*n2
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3

Further problems 9 (page 368)

1

x y
0 1.0
01 | 12052
02 | 14214
03 | 16499
04 | 18918
05 | 21487

x y
10 | 0
11 | 01052
12 | 02215
13 | 03401
14 | 04717
15 | 06180

x y
0 10
02 | 08
04 | 072
06 | 0736
08 | 08288
1-0 0-9830

x y
20 | 30

21 | 3005
22 | 30195
23 | 30427
24 | 30736
25 | 31117
x y
00 | 1-0000
01 | 1-0101
02 | 10202
03 | 10305
04 | 1-0408
05 | 10513
06 | 10619
07 | 10726
08 | 1.0834
09 | 10943
10 | 11053

X y

0 14
01 | 1596
02 | 08707
03 | 22607
04 2-8318
05 | 3-7136




Answers
3, »
1-0 2-0
1-2 | 2-0333
1-4 2-1143
1-6 2-2250
1-8 2-3556
20 2-5000
5 X »
0 1-0
0-1 1-1022
0-2 1-2085
0-3 1-3179
0-4 1-4296
0-5 1-5428
7 X ,
0 0
01 0-1002
0-2 0-2015
03 | 0-3048
0-4 0-4110
05 | 05214
9 X "
0 1-0
0-1 09138
0-2 0-8512
0-3 0-8076
04 | 07798
05 | 07653

10

x y
0 05
01 | 0543
02 | 05716
03 | 05863
04 | 05878
05 | 05768
x y
10 | 10
11 | 11871
12 | 13531
13 | 15033
14 | 16411
15 | 17688
x y
0 10
02 | 08562
04 | 08110
06 | 08465
08 | 09480
10 | 11037
x y
0 0-4
02 | 04259
04 0-4374
0-6 0-4319
08 | 0-4085
10 | 0-3689
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11

13

15

17

X Y
1-0 20
12 2-4197
1-4 2-8776
1-6 3-3724
18 3-9027
20 4-4677
X Y
0 1-0
0-2 1-1679
0-4 1-2902
0-6 1-3817
0-8 1-4497
1-0 1-4983
X Y
0 3-0
0-1 2-88
0-2 2-5224
0-3 1-9368
0-4 1-1424
05 0-1683
X 4
0 1-0
0-2 1-1972
0-4 1-3771
0-6 1-5220
08 1-6161
1-0 1-6487

12

14

16

18

X y

0 1.0

02 | 11997

0-4 1-:3951

0-6 1-5778

08 1-7358

1-0 1-8540
x y

0 1-0

01 1-11

02 1-2422

03 1-4013

04 1-5937

0-5 1-8271
x ¥

0 0

0-2 0-1987

0-4 0-3897

0-6 0-5665

0-8 0-7246

10 0-8624
X y

0 2:0

01 2-0845

0-2 2-1367

0-3 2-1554

0-4 2-1407

05 2-0943




Answers
19 x ) 20 x )
0 1-0 10 | O
02 1-0367 1-2 | 0-1833
0-4 1-1373 1-4 0-3428
06 1-2958 1-6 | 0-4875
0-8 1-5145 1-8 0-6222
1-0 1-8029 2:0 | 0-7500
21 < ) 22 x y
1-0 2-0000 0-0 1-0000
1-2 2-0333 02 | 0-8600
1-4 2-1121 04 | 0-8118
1-6 22219 0-6 | 0-8452
1-8 2-3522 0-8 0-9454
2:0 | 2-4965 1-0 1-1002
23 x y
1-0 | 2-0000
1.2 | 24191
1-4 2-8769
1-6 3-3715
1-8 3-9018
2:0 | 4-4666

Test exercise 10 (page 411)

-2(x+y). -2

2x+3y " (2x+ 3y)°
X

2 1457+26mm 3 58m/s 4

5 e . -y . 4 .
200 -y 402 =) 268~ 42— p)

6 (@ (-1, 1), saddle; (-1, —-§), min (b) an infinity of maxima along the
liney=>5x/2whenz=4 7 110 m x 1-10 m x 0-825 m high

8 u—§ x—9 __2 z—%
ATV E= e iTy

1011
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Further problems 10 (page 412)

1 (8xcosx — 6ysinx)/J; —(4x3 cosy + 6xsiny)/J;

J = 4xcosxsiny + 2x2ysinxcosy 2 €% /2(xe¥ +e¥); e7% /2(xe¥ +eF);
~1/3(xe¥ +e7¥); x/3(xe¥ + e %)

§ (2¢7*sinh2xsin 3y + 3ye~* cosh 2x cos 3y) /(1 + 3y2);
{—4ye* sinh 2xsin 3y + 3¢*(1 + y?) cosh 2x cos 3y} /2(1 + 3y?)
7 (@ (4 —4, -11), min (b) (1, -2, 4), saddle (c) 2, §, 977), max
8 (0, 0), saddle; (2, 0), min; (-2,0), min 9 (2, 1), max; (%, % , min
10 (0, 0); 3, 3); (—3,-3), all saddle points
11 (a) (1, 0), saddle; (1, 1), min; (-2, 3), saddle; (%, 1), max
(b) (0, 0), max; (1, 1); (1, —1); (-1, 1); (=1, —1), all four saddle points
12 (a) A point of inflexion at the origin (b) An infinity of maxima along the
liney =x/4 whenz=6 (c) The value of z ranges from —1 to 1 and has an
infinity of stationary points lying on the circles x? + y? = nt. When n is
even the stationary points are maxima and when n is odd the stationary
points are minima. There is also a single maximum at (0, O, 1)
13 x =667 mm; o=§ 14 l=h=%\/3 60m2V; d=1/5 15 1=1-00 cm;
d=4.48 cm; §=48°11' 16 cube of side 2 Vinax = Eri
M 4 \/gl max 3‘\/§
64 2 9 3
17 (a)u=ﬁ, x=y=z=i7§, =7,x=y=i\/—ﬁ b u=9
X= :I:i = ;i
2 'R

Test exercise 11 (page 448)

1 (@) u=2x*(t—-2)+4xt+e (b) u=2sin2x- (¢’ — 1) +sinx+y?
161 o rox _ rat
2 u(x,t)= 7r2 7 sin- sin— 0 1o
100 T+1 1 Ax —\2t _T7rC
3 u(xt)= r—Zl( 1) sin == e where A==
4 u(x }')=i 29, cosechrr-sin™ . s Y withr=1, 3,5,
’ —rr 2 2
5 v(r, ) =5r3cos 36

Further problems 11 (page 449)

2 u(x,t)= Z = smﬂ cosﬁ (r odd)
3 u(x,t = snp—r sin ™ os-—srﬂ
unt) = zsﬂzz 7 Sing-cos—y
ZS 1 . rm . rmx crnt
4 u(x,t)= rz-sm—5—~sm—ﬁ~cosw
800 1 . rex e _ L
5 u(x, t)—?rzlr—a-smﬁ-e mthr_1,3,5,...where)\_m
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(o]
6 u(x,t):lGZ lz sin’Z . sin X . e ETYI0 with r =1, 3,5, ...

2 Ly 2710
7 u(x )—1—2—S—§: 1 cosech .~ smh—(z ) - sin™ with r = 1,3,5,
RERNESIP 2 y) STy -
200 1 2rm |, rax
8 u(x,y)=—7r3—z r—3'cosech—5—'sm? smh—(y 2)ywithr=1,3,5,

9 v(r, 0) = —4rcos@+r?sin29 10 v(r, 6) = 3(1 — r? cos 26)

Test exercise 12 (page 513)

1 (a) solutions unique (b) infinite number of solutions 2 x; = —4,
xX2=2,x3=-3 3 X1=-2,%%=2,x3=3 4 x=-3,x=4,x3=-2

1
5 X1=1,X2=—2,X3=2 6 A1=1,)\2=—-2,A3=3. X1=|: 0],‘

1
1 3
~ o 11 1] g [1/3 -1/3
xZ_[‘ﬂ"‘“l_f] 7 M‘[-z 1] M= [2/3 1/3]
M-IAM=[“(1) (5’] B fi(x) = o €%+ 1% fo(1) = Se¥ e
9 filx)= COS\/_X—|—3\4/§Sin\/§x+gCOShZX+—SiIthX
fa(x) = ——cosx/_x 7§sm\/_x+ gcosh2x+ 2 ! inh2x
-8 7-196
10 @ [ 1] ®) [-0-464]

Further problems 12 (page 514)

1 x1=1,x=-4x3=3 2 @x1=3,x=1x3=—4 (b) x1=4,
X2=-2,x3=—-1 3 (@ x1=4,x=2,x3=5,x4=3 (b) x,=
Xx2=-—4x3=1,x=3 © x1=3,x2=-2,x3=0,x4=35

4 @ x1=-3,x=1,x3=3 (b) x1=5,%x2=2,x3=-1 (c) x1=4,x2=3,

n=-lau=-2 8§ @n=2%=7n=|3in=[] ®rn-1

5 1 5 1
A=-3;x= [1]; X2 = [1] © M=-8 A=4;x = [—ZJ; X2 = 2]

(d))\l 4/\2——6 X1 = X = 1 (E)/\l—]. )\2—3 )\3=9,'

7 1 0 103
x1=|-1];%= ixe= 1] O r=1,2 4x=|1 |1
-5 5 6 | 3
6 2
@ A=-1, -3, 7x_[ 5] [ 1] [27] (h) A= -2, 4, 7;
2 o] |10

BB

W =t =
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Answers

6 (@ fix) = %(Se" —e¥); fr(x) = %(e" _ e

10

®) fi(®) =§(e‘6"— ), fa(x) = —%(6‘6"+9e4")
(© fily) =5 (565 = 36%); fo() =S¢ 32 4 Zeb

fa(x) = 4¢* —%ez" +§e4" @) fi(x) =32 — ¥ 4 2e7%;

Ax

fa(x) = —e —%e“" +%e7"; frx) =% —%e —%e”‘ 7 X=0,7,13

h=2L=-3=2 9 k=2x=-2,%=32x=1

9 1 .
@ fiky) = cosh\/—x+75mh\/_x+ cosh\/_x+5ﬁsmh\/7x,

fa(x) = gcosh\/ix Sﬁmnhfx+—coshfx+vsmhﬁx

5 S 1
®) ikx) = cos 2V2x 4+ —— 273 sin 2v/2x +75cosh 2x + = sinh 2x;

1 1
X —cosZ\/_x~—s1n2\/—x+ cosh2x+ sinh 2x
) V2 6
35 7 35
© fAikx)= coshx+1—65mhx+12cosh\/§x—12\/§

13 7 5 1 5
+78 3 ——cosh3x +— 144 ——sinh3x; f2(x) = 6coshx 16 —sinhx + Ecosh V3x

1 13 25 S .
12\/§smh\/—x+ 2g COsh 3%+ sinh3%; f3(x) = Tocoshx —J=sinhx
35 7 65 35

—Ecosh\/gx+lz‘/§smh\/_x 8cosh3x+144smh3x

9 9
@ Ak = ——cosx+4smx+ 1 cosv3x - Wsm\/—x+4 cosh v7x
15 19 6 .
sinh v/7x; fz(x) —cosx—?smx zocosx/§x+vsm\/§x

sinhv7x; f3(x) =~ cosx+ismx+2cosh\/—x

sinh v/3x

+f

81
+%cosh\/_x+

) \/_
+msinh\/7x

Test exercise 13 (page 560)
1 f(1/4,1/3)=-19/12, f(1/2, 1/3) = —=5/6, f(3/4, 1/3) = —1/12,

F(1/4, 2/3) = 1/12, f(1/2, 2/3) = 5/6, f(3/4, 2/3) = 19/12

2 £(1/3,1/3) =4, f(2/3, 1/3) = 17/3, f(1, 1/3) = 26/3, f(1/3, 2/3) = 2/3,

f(2/3,2/3)=3,f(1,2/3)=16/3 3 (a) parabolic (b) hyperbolic

(c) parabolic (d) hyperbolic (e) elliptic 4 f(1/3, 1/3)=-1-61728,
f(2/3,1/3) = -1:18519, f(1, 1/3) = —0-82716, f(1/3, 2/3) = —1-61728,
£(2/3, 2/3) = —1-18519, (1, 2/3) = —0-82716
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t\x

0-0

0-2

0-4 0-6

0-8

1-0 1-2

0-00
0-02
0-04
0-06
0-08
0-10
0-12
0-14
0-16

0-00000
0-00000
0-00000
0-00000
0-00000
0-00000
0-00000
0-00000
0-00000

0-04000
0-08000
0-10000
0-12000
0-13500
0-13281
0-14531
0-13633
0-14727

0-16000 0-36000
0-20000 0-40000
0-24000 0-44000
0-27000 0-41125
0-26563 0-44625
0-29063 0-41250
0-27266 0-44375
0-29453 0-41055
0-27344 0-43867

0-64000
0-68000

1-00000 | 0-89000
0-76500 | 0-93000

0-58250 0-80500 (0-83250
0-62250 0-70750(0-87250
0-55938 0-74750|0-80938

0-59688

0-68438 | 0-84688

0-54844 0-72188|0-79844
0-58281 0-67344|0-83281
0-54199 0-70781(0-79199

t\x

0-00

0-20 0-40

0-60

0-80 1-00

0-000
0-040
0-080
0-120
0-160
0-200

1-000000 0-898182
1-000000 0-929917
1-000000 0-952517
1-000000 0-967729
1-000000 0-978081

1-000000 0-840000 0-760000 0-760000 0-840000 1-000000
0-832727 0-832727 0-898182 1-000000
0-886942 0-886942 0-929917 1-000000
0-923125 0-923125 0-952517 1-000000
0-94779 0-94779 0-967729 1-000000
0-964533 0-964533 0-978081 1-000000

Further problems 13 (page 561)

1

x\y 0-00 0-33 0-67 1-00

0-00 —3-0000 -2-3333 ~1-6667 —1-0000
0-25 —2-7500 —2.0833 ~1-4167 —0-7500
0-50 —2:5000 ~1-8333 ~1-1667 —0-5000
0-75 —2-2500 ~1-5833 09167 —0-2500
1-00 —2-0000 ~1-3333 —0-6667 0-0000
x\y 0-00 0-33 0-67 1-00

0-00 40000 7-3333 10-6667 14-0000
0-33 6-3333 9-6667 13-0000 16:3333
0-67 8-6667 12-0000 15-3333 18-6667
1.00 11-0000 14-3333 17-6667 21-0000
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31 x\y 0-00 0-33 0-67 1-00
0-00 ~1-0000 ~1-0000 —1-0000 ~1-0000
0-33 —0-6667 —0-7500 —0-8000 -0-8333
0-67 —0-3333 ~0-5000 —0-6000 —0-6667
100 0-0000 ~0-2500 —0-4000 —0-5000
4| x\y 0-00 0-33 0-67 1-00
0-00 0-0000 0-0000 0-0000 0-0000
0-25 0-0000 —0-0069 —0-0694 —0-1875
0-50 0-0000 0-0278 —0-0556 ~0-2500
0-75 0-0000 0-1042 0-0417 —0-1875
1-00 0-0000 0-2222 0-2222 0-0000
51 x\y 0-00 0-33 0-67 1-00
0-00 15-0000 16-6667 183333 20-0000
0-33 17-3333 19-0000 20-6667 22-3333
0-67 19-6667 21-3333 23-0000 24-6667
1-00 22-0000 23-6667 25-3333 27-0000
6| x\y 0-00 0-33 0-67 1-00
0-00 21-0000 20-0000 19-0000 18-0000
0-33 22-6667 21-6667 20-6667 19-6667
0-67 24-3333 23-3333 22-3333 21-3333
1-00 26-0000 25-0000 24-0000 23-0000
71 x\y 0-00 0-33 0-67 1-00
0-00 4-0000 4-0000 4-0000 4-0000
0-33 42222 41111 3.7778 3.2222
0-67 4-8889 4-6667 4-0000 2-8889
1-00 6-0000 5-6667 4-6667 3-0000
8| xvy 0-00 0-33 0-67 1-00
0-00 0-0000 0-0000 0-0000 0-0000
0-33 0-0000 0-0000 —0-0741 —0-2963
0-67 0-0000 0-0741 0-0000 —0-3704
1-00 0-0000 0-2963 0-3704 0-0000




Answers
21 x\vy 0-00 0-33 0-67 1-00

0-00 0-0000 —0-5556 ~2-2222 —5-0000
0-33 0-3333 ~0-2222 ~1-8889 —4-6667
0-67 1-3333 0-7778 —0-8889 —3-6667
1-00 3-0000 2-4444 0-7778 —2-0000

10 | sy 0-00 0-33 0-67 1-00
0-00 ~1-0000 ~1-0000 ~1-0000 ~1-0000
0-33 ~1-0000 ~0-7037 ~0-3333 0-1111
0-67 ~1-0000 ~0-3333 0-4815 1-4444
1-00 ~1-0000 0-1111 1-4444 3-0000

1 xy 000 033 067 1-00
0-00 0-0000 0-0000 0-0000 0-0000
0-33 0-1111 0-1050 0-0873 0-0600
0-67 0-4444 0-4200 0-3493 0-2401
1-00 1-0000 0-9450 0-7859 0-5403

12 . . . .
x\y 0-00 0-33 0-67 1-00
0-00 0-0000 0-0370 0-2963 10000
0-33 0-0370 0-1481 0-5556 1-4815
0-67 0-2963 0-5556 1-1852 2-4074
1-00 10000 14815 2-4074 4-0000

13 1 x\y 0-00 0-33 0-67 1-00
0-00 0-0000 0-0000 0-0000 0-0000
0-33 0-0000 0-1111 0-2222 0-3333
0-67 0-0000 0-2222 0-4444 0-6667
1-00 0-0000 0-3333 0-6667 1-0000

M oxy 0-00 0-33 067 1:00
0-00 0-0000 0-0000 0-0000 0-0000
0-33 0-0000 0-0000 —0-0741 —0-2222
0-67 0-0000 0-0741 0-0000 —0-2222
1-00 0-0000 0-2222 0-2222 0-0000

1017
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15

16

17

t\x 0-00 0-20 0-40 0-60 0-80 1-00

0-00 [ 0-0000 —0-1600 —0-2400 —0-2400 —-0-1600 0-0000
0-02 | 0-0400 —0-1200 -0-2000 -0-2000 -0-1200 0-0400
0-04 | 00800 —0-0800 —-0-1600 —0-1600 —0-0800 0-0800
0-06 | 01200 —-0-0400 —-0-1200 —0-1200 -0-0400 0-1200
0-08 | 0-1600 0-0000 —0-0800 —-0-0800 0-0000 0-1600
0-10 | 0-2000 0-0400 —0-0400 —0-0400 0-0400 0-2000
0-12 | 0-2400 0-0800 0-0000 0-0000 0-0800 0-2400
0-14 | 0-2800 0-1200 0-0400 0-0400 0-1200 0-2800
0-16 | 0-3200 0-1600 0-0800 0-0800 0-1600 0-3200
0-18 | 0-3600 0-2000 0-1200 0-1200 0-2000 0-3600
0-20 | 0-4000 0-2400 0-1600 0-1600  0-2400 0-4000
t\x 0-00 0-20 0-40 0-60 0-80 1-00

0-00 | 0-0000 0-1987 0-3894 0-5646 0-7174  0-8415
0-02 | 00000 0-1983 0-3886 0-5635 0-7159  0-8398
0-04 | 0-0000 0-1979 0-3879 0-5624 0-7145 0-8381
0-:06 | 0-0000 0-1975 0-3871 0-5613 0-7131 0-8364
0-08 | 0-0000 0-1971 0-3863 0-5601 0-7116 0-8348
0-10 | 0-0000 0-1967 0-3855 0-5590 0-7102 0-8331
0-12 | 0-0000 0-1963 0-3848 0-5579 0-7088 0-8314
0-14 | 0-0000 0-1959 0-3840 0-5568 0-7074 0-8298
0-16 | 0-0000 0-1955 0-3832 0-5557 0-7060 0-8281
0-18 | 0-0000 0-1951 0-3825 0-5546 0-7046  0-8265
0-20 | 0-0000 0-1947 0-3817 0-5535 0-7032 0-8248
t\x 0-00 0-20 0-40 0-60 0-80 1-00

0-00 | 0-0000 0-3830 0-7596 1-1239 1-4698 1-7916
0-02 | 0-0000 0-3798 0-7534 1-1147 1-4578 1-7770
0-04 | 0-0000 0-3767 0-7473 1-1056  1-4459 1-7624
0-06 | 0-0000 0-3736 0-7412 10966 1-4341 1-7481
0-08 | 0-0000 0-3706 0-7351 1-0876 1-4223 1-7338
0-10 | 0-0000 0-3676 0-7291 1-0787  1-4107 1-7196
0-12 | 0-0000 0-3646 0-7232 1-0699 1-3992 1-7056
0-14 | 0-0000 0-3616 0-7173 1-0612 1-3878 1-6916
0-16 | 0-0000 0-3586 0-7114 10525 1-3764 1-6778
0-18 | 0-0000 0-3557 0-7056 1-:0439 1-3652 1-6641
0-20 | 0-0000 0-3528 0-6998 1-0354 1-3541 1-6505




Answers
18 | o\x | 000 0-20 0-40 0-60 0-80 1-00
000 | —1-0000 —0-7600 —0-4400 —0-0400 0-4400  1-0000
004 | —0-9200 —0-6800 —0-3600 0-0400 0-5200  1-0800
0-08 | —0-8400 —0-6000 —0-2800 0-1200 0-6000  1-1600
012 | —-0-7600 —0-5200 —0-2000 0-2000 0-6800  1-2400
0-16 | —0-6800 —0-4400 —0-1200 0-2800 0-7600  1-3200
020 | —0-6000 —0-3600 —0-0400 0-3600 0-8400  1-4000
024 | —0-5200 —0-2800 0-0400 0-4400 0-9200  1-4800
028 | —0-4400 —0-2000 01200 0-5200 10000 1-5600
032 | —0-3600 —0-1200 0-2000 0-6000 1-0800  1-6400
0-36 | —0-2800 —0-0400 02800 0-6800 1-1600  1-7200
0-40 | —0-2000 00400 0-3600 0-7600 1-2400  1-8000
0-44 | -0-1200 01200 0-4400 0-8400 13200 1-8800
0-48 | —0-0400 02000 0-5200 0-9200 1-4000  1-9600
0-52 | 00400 02800 0-6000 1-0000 1-4800  2-0400
056 | 01200 03600 06800 10800 1-5600 2-1200
060 | 02000 0-4400 0-7600 1-1600 1-6400  2-2000
19
t\x 0-00 010 0-20 0-30 040 0-50 060 070 080 090 1-00
000 | 0:0000 —0-9000 —1'6000 —2-1000 —2-4000 —2-5000 —2'4000 —2-1000 —1:6000 —0-9000 0-0000
002 | 0'4000 —0-5000 —1:2000 —1-7000 —2°:0000 —2-1000 —2:0000 —1-7000 —1-2000 —0-5000 04000
004 | 08000 —0°1000 —0'8000 —1-3000 —1°6000 —1-7000 —1'6000 —1-3000 —0°8000 —0-1000 0-8000
006 | 1:2000 0'3000 —0°4000 —0-9000 —1-2000 —1:3000 —1:2000 —0-9000 —0°4000 0-3000 1:2000
008 | 16000 07000 0-0000 —0-5000 —0-8000 —0-9000 —0'8000 —0-5000 0-0000 0-7000 1-6000
0°10 | 2:0000 1'1000 04000 —0-1000 —0-4000 —0-5000 —0°4000 —0-1000 04000 1-1000 2-:0000
0'12 | 24000 1-5000 0:8000 0-3000 0-0000 —0°1000 0:0000 0-3000 0-8000 1-5000 2:4000
0-14 | 2:8000 19000 1:2000 0-7000 04000 0-3000 04000 0-7000 1-2000 1-9000 2:8000

1019
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20

t\x 000 010 020 030 040 050 0'60 070 080 090 1-00

000 | 0-0000 30-9017 58:7785 80-9017 95:1057 100-0000 951057 80-9017 58:7785 309017 00000
0:04 | 00000 208224 396065 545136 64'0846 67:3825 64'0846 54-5136 39-6065 20°8224 0-0000
0-08 | 0-0000 14-0306 266878 367327 43-1818 454041 43-1818 367327 266878 14'0306 0-0000
012 | 00000 9-4542 17-9829 24'7514 29-0970 30-5944 29-0970 24'7514 17-9829 94542 0-0000
016 | 000000 63705 12-1174 16'6781 19:6063 206153 196063 166781 12:1174 6'3705 00000
020 | 00000 42926 81650 11-2381 13-2112 13-8911 13-2112 11-2381 81650 42926 0-0000
0-24 | 00000 2:8925 5°5018 7'5725 89021 9-3602 8:9021 7-5725 55018 2-8925 0-0000
028 | 00000 1-9490 3-7072 5'1026 5'9984 6'3071 59984 51026 37072 1'9490 0-0000
032 | 00000 1-3133 2-4980 34382 40419 42499 40419 3-4382 2-4980 1-3133 00000
036 | 00000 0-8849 1°6832 2:3168 27235 28637 27235 2-3168 1:6832 08849 00000
0-40 | 00000 0-5963 1-1342 1-5611 1-8352 19296 1'8352 1-5611 11342 0-5963 0-0000
044 | 00000 04018 07643 1'0519 1-2366 1-3002 12366 1-0519 07643 04018 0-0000
048 | 000000 02707 05150 07088 08332 08761 08332 0-7088 0-5150 02707 00000
052 | 00000 01824 03470 04776 05615 05904 05615 04776 0'3470 0°1824 00000
056 | 00000 01229 02338 03218 03783 03978 03783 0-3218 02338 01229 0-0000
060 | 00000 00828 01576 02169 02549 02680 02549 02169 01576 00828 0°0000

Test exercise 14 (page 614)
1 (a) dz=4x3cos3ydx —3x*sin3ydy (b) dz = 2¢%{2cos4xdx + sin4xdy}
(c) dz =xw?{2ywdx +xwdy +3xydw} 2 (a) z=x3y* 4+ 4x2 - 5)°
(b) z=2x%cos4y +2cos3x+4y> (0 not exact differential
3 9square units 4 (a) 2786 (b) 1/2 () 22-5 (d) 48 (&) —21
(f) =547 5 Area =3} square units 6 (a) 2 (b) O

Further problems 14 (page 615)

s ‘ 1, 9 1
114 2 16 3 3—6{9~4\/§} 4 S{r*+4} 5 - 6 ;-In2
7 2-7/2 8 % 9 14 10 (a) 3924 (b)) 0 11 %

Test exercise 15 (page 658)
1 4/2r 2 a(r/2)* 3 (a) (1) (447, 0-464,3) (2) (592, 0-564, 0:322)
(b) (1) (3-54,3:54,3) (2) (-0832,1-82,3-46) 4 12«

5 @(8-3a)r/12 6 (a) I=“ V(1 +u)(1 +u+v)dvdy
(b) I = JJJ gﬁ%v—ﬂ dudvdw

Further problems 15 (page 658)
a a a 4/227 kg
1 457 2 (E’E’E) 3 10v61 4 =5 5 2 (5V5-1)

6 /5 7 164> 8 2a%(r—2) 9 4n(a+b)Va2—Db2 10 45x




Answers
11 na* 4 _ _ _ 3a
11 30 12 - 13 2(7r—§> 14 X=y=ZI=-—¢
3 4nab 243 1
15 %—{4\/2—3} 16 ";C 17 —g— 18 ZJJ(u2+v2)dudv
_ a 7 T 1
19 w?vdudvdw 20 Z=-2 21 35 22 2-5 23 Z(\/2—1)
Test exercise 16 (page 694)
1 @2 2 02 @120 @ 2 @2 ) & © s
1 1 (1 V3
3 (a)T-K(ﬁ) (b)E.F<§, 7) 4 @0 M1 5 (@ F(\/E Z>
o %)
Further problems 16 (page 694)
1 @6 03 ©04 @24 ©52 2 @6 1) o (©
@4 4 (a)% (b)% ()m (d)— ()_ (f)@“000727

8 (@ \/§~E(ﬁ) (b) \/EK(E) =2622 () 2E<% 1) =2935

@il Y -om o a() 0o )
f {55 3)- F%,z)} > 1 {(F5)-+(£3)]

10 (@) — LI

75 2)=0%7 0 5 {15 1) (5 5))
o i) -oms 0 {1 3) (122

Text exercise 17 (page 741)
1 (@ —-15 (b) —16i+10j+17k 2 (a) 9 (b) —(47i + 17+ 29K)
3 A-(BxC)=0 .. vectors coplanar 4 (a) 4i—4j+ 24k

1
21— 2j+24K (C) 2466 § T=—— (4i+j+ 7K
()] j (© \/@(l+l+ )

8 1
6 -(25i—6j—15K) 7 508 8 ——(2i+4j+9Kk
z( j ) i1 At 4+ 9K)

9 (a) 14i—12j—30k (b) 8 (c) 5i—2j—4Kk (d) 7i+2j+3k
(e) 3i+2j+k
Further problems 17 (page 741)
1 61 2 29i—-10j+16k 3 (a) 22i+14j+2K (b) —2i+14j— 22k
4 (a) 2xi+3j+cosxk (b) 2i—sinxK (c) (4x%+ 9+ cos2x)"/?
(d) 34+sin2 § @) 2-2u—9u?
(b) Bu?+4u+3)i+(But+6)j+(1-2uk (c) i—2j+(3-2uwk

-1
2i-20j+11K) 7 ———(10i+2j— 5k
(2i - 20§ + 11K) @( +2j )

1
5v21

1021
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Answers

-1 -1
8 Si—j+10Kk) 9 —(12i+4j—-21k) 10 -8-:285
V126 ) ) V601 ( ) )

11 -9165 12 (a) 15 (b) -33 (© 7 13 (a) —6i+4j~7k
(b) 62i+10j—38k (c) 18i—21j+ 10k 14 (a) 12i —4j+4k
(b) 24i—4j (c) 144 15 (a) (2sin2)i+2€% + (cos2 + )k
(b) (4sin22+cos22+2e3 cos2 +5¢6)'2 16 5014

1
3i+2j—4K); g = —— (61— j+K); 6 = 68° 48’
p= \/—(1+1 ) 4q \/3—8(1 j+k)

18 (a) (2t +3)i— (6cos3t)j+ 6e2k (b) 2i + (18sin3t)j + 12¢%k  (c) 12:17
20 —4xi+4zk 21 (2c0s5-5)i— (6sin5-5)j— (6sin5-5)k 22 p=6

23 (@ (1) p=15/42)p=-33 (b) ;(3i — 2§+ 6K)

17

Test exercise 18 (page 791)

1 3i+18]—ﬂk 2 12 3 187 (2i+j) 4 24(i+j) 5 8+%

6 all conservative 7 36(4+1) 8 0

Further problems 18 (page 792)

1 (a) 576k (b) -57—6(31+]+2k) 2 1771i+ 1107 + 830-4k

3 4161i+7185j+5679k 4 469 5 —418 6 81 7 ﬂ(1+k)
8 1(48i+64j—24K) 9 64( )(61+4))

10 2{(7r+2)l+(7r+2)]+4k} 11 15%(321+15k) 12 -1 13 @w
14 g(1177r+256-28\/7)=91-58 15 -80 16 96r 17 -2 18 12«
19 —‘;—3 20 84ﬂ

Test exercise 19 (page 819)
1 yes, an orthogonal set 2 h,=1,h, =2v,hy=2u 3 4I+K
4 (@) (2cosp+2cos2¢+1) (b) (2sin2¢ +sing)K
5 (a) (ds)® = (dr)® +r2(d9)* +r2sin?9 (dp)* (b) AV = r2sinfdrdods
6 -105

Further problems 19 (page 820)

5
18
aV 1 3V 1 82V 82V
2 o o 2 e Ta
1 8/(,0V 1 8(. 8V 1 v
b) VIV =25 6r<r25)+rzsin6"—8§<smgﬁ)+rzsinzo'79$2~
6 (b) hu=hy=vViEZ V% hy =1

1 @ yes (bp)no 2 -505 3 2—

5 (@ Vv =



Answers

(C) diVF:_!_{a (1/u2+vz.?a%) +£<4/u2+v2.%>}+%

w2 +v2\ou ov av ow
1 (82V &V) 8’V
@ Vv = P {—auz +5 } s

Test exercise 20 (page 858)

1 @Qw=6—-j2 ) w=3-j2 (gw=j3 @) w=2
2 Magnification = 2-236; rotation = 63° 26'; translation = 1 unit to right,

3 units downwards

3 v
/0'5{‘\ v=1(1—u2)
2
A - c B’
-1 o 1 u

4 \4
///——\\\ u
/7 % B’
II
| . .
{\ ( 1 + 1) K 1Z11nlor ari )of c1r:e, ceiltre o
3273 —=, — =], radius —==0- ,
\ 2 2" 2 V2
o Xa between A’ (—j) and B (0-12 —;0-16)
2 .1
§ (a) centre (u =0,v= §) (b) radius 3
2 L2
6 centre (u =3 V= 0), radius 3

Further problems 20 (page 859)
1 Triangle A’'B'C’ with A’ (—1 +2), B' (5+/2), C' (2 +j5)
2 (a) A'(-8+/9); B'(23 +j14)
(b) Magnification = /29 = 5-385; rotation = 68°12'; translation = nil

3 Straight line joining A’ (5 —j7) to B’ (—3 —j); magnification = 3-162;
rotation = 161° 34’ anticlockwise; translation = 2 to right, 4 upwards
4 v
A'B: v=0
1. — VZ
BC: u= 1
V2
Cc'D”: =—-1
=3
D' DA v=0

-1
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10

11

12

13

14

A’B’and C'D": v= %(414 —?)

1
u B'C’and D'A": v =7 (U? — 4u)

A (1-j2); B (—23+10); C' (1—j8) AB:u=2- 342—;

_(u-— 1)2
T 32

B'C: v

—8;C'A u=1 7 circle, centre (% - i%), radius%

(a) circle, centre (% - jO), radius % (b) region outside the circle in (a)
circle, centre (%+ jO), radius 1; clockwise development

circle, u% +v% — % +§ =0, centre (1?1 + jO), radius %

circle, u? +v? — ; =0, centre G + i0>, radius %; region inside this circle

circle, centre (—%4— iO), radius %

. 3 .2 .
(a) circle, centre 3 0 ), radius 7 developed clockwise
(b) region outside the circle in (a)

y=_"1
R

Test exercise 21 (page 906)

1

2
5

(a) regular at all points (b) z= -5 (c) regular at all points

(d z=-1landz=4 (e) z=0, where z=x+jy

@ v(», y) =coshxcosy+C (b) v(x,y) =6(3?>—x*)~4x+C 4 jir
(@ z=0 (b) z=+1 (c) no critical point (d) z=+v2 (e) z=0

(® no critical point 6 w= cosh%z; D:iw=1

Further problems 21 (page 907)

3

circle, centre (5, —2), radius v2 4 circle, centre (—%, 0),

radius %, anticlockwise § (a) v(x,y)=2y(x-1)+C

®) v(x,y)=3x2y -y  —2xy+y+C (o) v(x,y)=x2-2x~y>+C

@) v(x, y) =e*Psin2xy+C 6 (a) j10r (b) jér 7 (@) O (b) jar
(©j10r 9 j2r 10 j10r 11 @ (1) z=0 (2)z==1

(b) ellipse, centre (0, 0), semi major axis 3, semi minor axis 3
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12 @ w2+v2=1 (b) u2+ (v—1)%=2;0=45°. 13 Unit circle becomes the
real axis on the w-plane. Region within the circle maps onto the upper half
lane 14 w=sin—_

plan =S5
Test exercise 22 (page 936)

z3

'+3'+ +Zn+ . valid for |z] < oo

2
n+l n
®) f(z)=4z—(4%)+(4%)—...+(_—1)—;-gﬂ+...valid

for |zl <1/4 2 (a) pole of order 5 at z=—1 (b) essential singularity at
z=0 (c) essential singularity at z=0 (d) removable singularity at z=0

1 (@ f(z)= 1+z+

— 2 - 3
s f(@:\%{l%—(z—ﬂ/‘l)—(z 272/4) @ 37'r!/4)
+(z-;r'/4)“ +(z—;/4>5, . valid for |2 < oo
1 4 1 !

4 @ f(e)=-(2+3)+8+
essential singularity

ey

2(z+3) (z+37° 24(z+3)° * 3(z+3)*

1 1 1 1 z z2 z3
®) f(z) = z+3 “xi- ATz ztl 3tg ot
! 3 3 (—2) 15(z—-272
© f(Z)—S(Z_z)z 16z-2) 16 32 ' 64 17 pole of

order 2 5 double pole at z = 0; residue —4, double pole at z = —1,
residue 7/2, single pole at z =1, residue 1/2 6 (a) —x/6 (b) 27/V3
(©) 2me3

Further problems 22 (page 937)

Zs A z2n+1
1 @) z++ +5'+...+(2—nm+ . )2zl <o
2 275 177

(b) Z+3 +—-= 15 +§E+..., |zl < 7/2

2n+1
© 2{z+ AR i } Iz < 1

375 Znvl
22(Ina)? z3(1na)3 Z"(Ina)"
@ 1+zlna+ + +...+ +...,]z7] <
2! 3! n!

322 27724 162z* 810z
e = 25 —+ 125 —+ 625 + 3125 +..., 12| <5/3;

5 25 250 6250 z  z(z—1)
5z 92 278 amp >R 3 O e

4 (a) convergent for |z] < oo (b) convergent for |z <1 (c) convergent for
|z} <1 (d) convergent for |z] <1 (e) convergent for |z| < co

2 3 n
5 (a e2{1+(z—2)+(z—2!2) +(z;!2) +...+(Z—;!—2—)—+...}

V3 (z—7/6) +3(z-n/6) (z—7r/6)3 V3(z - /6)*
® 5% T axa T ax3 2 %4l

+...
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10

11

(z—3)*sin6 (z—3)*cos6
2! B 3!

2
+(Zf‘i—'sm6 @ {11+2(3)(z—-1/3)

n+1
+4<3) (z—1/37 +. +2"(133) ' (z—1/3)"+...}
(€ 1-2(z-3)+4(z—-3)*+...+ (- 2) (z- 3) +.
(z-1?% (z-1?®, (z-1* (z—l)
-+ " 3x3 T 3x4  4x5

®) |zZ1=v6 () |z-=5|=1 (d) z=o00 8 (a) poles of order 2 at z=0
and z = —1, removable singularity at z=+1 (b) essential singularity at

1 1 1
z=0 9 (@ ?—ﬁ—l-;gi—z—s—n

1 3\7*
(b) E(Z—E) ,|12z-3|>0

(©) (z—3)sin6+(z—3)*cos6 —

7 @ z=00

+...]z| >0

(c)zfg_zg-z 3) £ (z-32— (23 +..}10<|z—3| <1
@ . +8 4+Z 1.2 Zz+Zzz Zz3+
A 232 z'5 25 125 625
(b)l 8+46_242+ © — I+E{_109ZZ+593Z3_
z 22 723 £ T 10 100 1000 * 10000 "
2 2
@ 2n/V3 () \/a%s © o @4 @2 @ /2

® m/V13/8-3/8 (h) n/4 @) 27/v3 () 2x/3 ®K O MO

Test exercise 23 (page 983)

1
3
5

Pmax=10 (x=4, y=3) 2 Ppux=13 (x=1,y=4)
Prax =188 (x=10,y=4,z2=6) 4 Ppux=296 (x=4,y=6)
Ppin=16 (x=5,y=12) 6 (a) 13type A+4typeB (b) £11,800

Further problems 23 (page 984)

1

3

5

7

9
11
12
14
16
18
20
21
23
25
27
28
29
30

Prax=32 (x=4,y=9/2) 2 Ppix=64 (x=0, y=28)

Prax =40 (x=6, y=5/2) 4 Pmx=15 (x=6, y=3)

Ppax =9 (x=1,y=3) 6 Ppx=10 (x=2, y=4)

Prax =10 (x=2, y=4) 8 Ppix=37 (x=0,y=8,z=1)

Ppax =67 (x=4,y=10,z=35) 10 Ppix =65 (x=35, y=10, z=15)
Prmax = 11-568 (x =29/22, y =14/11, z=0) to 3 s.f.

Ppax =340 (x=30, y=20) 13 Ppayx =112 (x=4, y=38)

Prmax =108 (x =16, y=15) 15 Ppin =138 (x =12, y =18)
Prax =240 (x=9, y=15) 17 Pmax =4400 (x =201, y =53)
Prax =100 (x =20, y=10) 19 Py =410 (x=9, y=35, z=2)
Prax = 1560 (x =11, y=10, z=18)

Prmax =660 (x=60, y =30, z=30) 22 Pppn=-14 (x=5, y=2)
Pmin =56 (x=8, y=12) 24 Ppn=16 (x=8, y=6)

Ppin =40 (x=4, y=4) 26 Ppp=-10 (x=6, y=13, z=14)
Pupin=-75 x=8, y=12, z=21)

(@) 10 type A+ 35 type B (b) £2150

(@) 22 type A+44 type B+48 type C (b) £12,580

(@ 129 type A+0 type B+185 type C; (b) £8955
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Absolute address

(spreadsheet) 13
Adjoint matrix 464
Algebraic identities xxii
Alternating sign test 917
Amplitude 174
Amplitude spectrum 237, 242
Analytic function 863
Angle between two

vectors 698
Area enclosed by a curve 581
Areas of plane figures 568
Artificial variables 962
Augmented coefficient

matrix 458

Backward differences 33
Formula 518

Bessel functions 307
Graphs 311

Bessel’s equation 305

Beta function 670
Applications 676
Related to gamma

function 674

Bilinear transformation 853

Bisection method 9

Boundary conditions 417,

533

Calculating residues 925
Cartesian and cylindrical
coordinates 630
Cartesian and spherical
coordinates 631
Cartesian coordinates 629
Cauchy-Riemann
equations 865
Conjugate function 868
Harmonic functions 867
Cauchy’s theorem 875
Cayley-Hamilton
theorem 487
Central differences 31
Formula 519, 520
Change of variables 377, 643
Characteristic
determinant 481
Characteristic equation 481
Characteristic values 480
Characteristic vectors 480
Circle of convergence 914,
916
Closed contour 591
Exact differential 601
Line integral 592
Cofactor of a matrix
element 463
Coincident roots of a
polynomial 2

Complementary error
function 681
Complete elliptic
functions 684
Complex analysis 821, 861,
909
Analytic function 863
Bilinear mapping 853
Cauchy-Riemann
equations 865
Cauchy’s theorem 875
Complex mapping 823
Conformal
transformation 889
Conjugate function 868
Contour integration 872
Differentiation 862
Entire function 863
Functions of a complex
variable 822
Harmonic functions 867
Integration 872
Inversion mapping 844
Laurent's series 919
Maclaurin series 910
Mapping of regions 843
Non-linear
transformations 838
Regular function 863
Residue 923
Schwarz—-Christoffel
transformation 893
Singularities 863, 867
Taylor's series 917
Transformations 823
Complex exponentials 232
Complex Fourier series 232
Complex integration 872
Contour deformation 880
Complex mapping 823
Bilinear
transformation 853
Combined magnification
and rotation 832
Combined magnification,
rotation and
translation 834
Conformal 889
Image 823
Inversion 844
Magnification 830
Non-linear
transformations 838
Open polygons 898
Regions 843
Rotation 831
Schwarz-Christoffel 893
Straight line 825
Translation 829
Complex roots of a
polynomial 3
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Complex spectra 237
Computation of the
simplex 951
Computational
molecules 525
Conduction equation 428
Conformal
transformation 889
Critical points 890
Conjugate function 868
Conjugate roots of a
polynomial 3
Conservative vector
fields 765
Consistency of a set of
equations 458
Consolidation equation 537
Constant term in Fourier
series 219
Constraints 941
Continuous amplitude
spectrum 242
Continuous phase
specttum 243
Continuous spectra 241
Contour deformation 880
Contour integration 872
Convergence 911
Alternating sign test 917
Circle of convergence 914,
916
Radius of convergence 914
Ratio test 911
Convolution 257
Theorem 258
Coordinates 629
Cartesian and cylindrical
coordinates 630
Cartesian and spherical
coordinates 631
Cartesian coordinates 629
Cylindrical
coordinates 630
Spherical coordinates 631
Coplanar vectors 705
Copy command
(spreadsheet) 12
‘Cover up’ rule 66
Crank-Nicolson
procedure 547
Critical points 890
Cubic equations 7
Curl of a vector field 732
Curvilinear coordinates 645,
796
Area 647, 650
Differential 648
Element of arc 810
Element of volume 810
General system 808
Grad, div, curl 811
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Curvilinear coordinates (cont.)
Jacobian 649, 653
Orthogonal 800
Three dimensions 653
Transformation

equations 809

Two dimensions 645
Volume 653

Cylindrical polar

coordinates 630

Flement of surface 758
Element of volume 755
Scale factors 806

Damped oscillatory
motion 132, 133
Derivative boundary
conditions 532
Derivative of the unit step
function 127
Derivative of the Z
transform 154
Diagonalisation of a
matrix 493
Differential 575
Curvilinear
coordinates 648
Exact differential 578
Differential equations 271
Bessel’s equation 305
Frobenius’ method 286
Indicial equation 289
Leibnitz-Maclaurin
method 279
Power series solutions 271,
278
Sturm-Liouville
systems 315
Unit impulse 128
Differentiation 272
Cauchy-Riemann
equations 865
Complex function 862
Higher derivatives 272
Leibnitz theorem 275
Products 275
Sums and products of
vectors 715
Vectors 710
Differentiation of vectors 710
Diffusivity constant 542
Dimension analysis 542, 554
Dirac delta 122, 248
Derivative of unit step 127
Differential equations 128
Graphical
representation 123
Integration 122
Laplace transform 124
Direction cosines 698
Direction of unit normal to a
surface 779
Directional derivatives 724
Dirichlet conditions 186
Dirichlet problem 439
Discontinuity 195
Discrete complex
spectrum 237
Distinct roots of a
polynomial 2

Divergence of a vector
field 731
Divergence theorem 770,
993
Dividing by ¢t 58
Double integral 567, 618
Areas of plane
figures 568
Curvilinear
coordinates 650
Dummy variable 423
Duplication formula for
gamma function 679

Edit command
(spreadsheet) 12
Eigenfunctions 315, 422
Orthogonality 316
Eigenvalues 315, 422, 480
Eigenvectors 480
Eigenvectors 480
Element of arc 810
Curvilinear
coordinates 810
Element of surface 757
Cylindrical polar
coordinates 758
Spherical polar
coordinates 761
Element of volume 633
Curvilinear
coordinates 810
Cylindrical polar
coordinates 755
Spherical polar
coordinates 789
Elementary column
operations 454
Elementary row
operations 454
Elliptic equations 536
Laplace’s equation 536
Poisson’s equation 536
Elliptic functions 683
Alternative forms 688
Complete 684
First and second kind 684,
688
Standard form 684
Entire function 863
Equivalent matrix 454, 467
Error function 680
Complementary error
function 681
Graph 681
Errors 339
Essential singularity 920
Euler second-order
method 355
Euler-Cauchy method 345
Euler’s method 330
Graphical
interpretation 343
Even function 201, 244
Half-range Fourier
series 213, 220
Exact differential 578
Independence of
path 600
Three dimensions 603

Feasible domain 944
Fill command
(spreadsheet) 12
Final value theorem 153
Finite differences 25, 31, 33,
518
Backward difference
formula 518
Central difference
formula 519, 520
Computational
molecules 525
Consolidation
equation 537
Derivative boundary
conditions 532
Elliptic equations 536
Forward difference
formula 518
Grid values 522
Heat conduction
equation 537
Hyperbolic equations 537
Laplace’s equation 536
Parabolic equations 537
Poisson’s equation 536
Wave equation 5§37
First approximations 19
First shift theotem 55
Z transform 150
First-order differential
equations 330
Forced harmonic motion 135
Steady-state 136
Transient state 136
Forcing function 138
Forward finite differences 25
Formula 518
Fourier coefficients 183, 198
Fourier cosine transform 261
Fourier series 172, 183
At a discontinuity 195
Coefficients 183, 198
Complex 232
Dirichlet conditions 186
Effect of harmonics 193
Evaluation of
coefficients 185
Even function 205
Gibbs’ phenomenon 194
Half-range series 212, 220
Harmonics 174, 200
0Odd and even
functions 201
0Odd function 207
Only odd or even
harmonics 216
Orthogonal functions 183
Periodic functions 173
Significance of the constant
term 219
Fourier sine transform 261
Fourier transform 231, 241
Alternative forms 251
Convolution 257
Convolution theorem 258
Cosine transform 261
Differentiation 254
Dirac delta 248
Even function 244
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Frequency shifting 252
Imaginary 245
Linearity 251
Odd function 244
Product of functions 258
Properties 251
Real 244
Sine transform 261
Symmetry 253
Table of transforms 263
Time scaling 253
Time shifting 252
Top-hat function 246
Triangle function 250
Unit step function 255
Fourier’s integral
theorem 241
Frequency shifting 252
Frobenius’ method 286
Indicial equation 289
Functions
Bessel 307
Beta function 670
Complementary error
function 681
Complete elliptic
functions 684
Elliptic 683
Error function 680
Gamma function 662
Integral functions 661
Legendre
polynomials 311
Odd and even 201
Orthogonal 183
Products of odd and
even 204
Top-hat 246
Functions of a complex
variable 822
Analytic function 863
Cauchy’s theorem 875
Cauchy-Riemann
equations 865
Conjugate function 868
Contour integration 872
Derivative 862
Entire function 863
Harmonic functions 867
Integration 872
Regular function 863
Singularities 863, 867
Functions of two real
variables 521
Functions with period T 197
Functions with three
independent
variables 405
Fundamental harmonic 174
Fundamental Theorem of
Algebra 2

Gamma function 662
Applications 676
Duplication formula 679
Graph 666
Related to beta

function 674

Gauss backward formula 31

Gauss forward formula 31

Gauss’ theorem 770, 993
Gaussian curve 682
Gaussian elimination 471
Gaussian probability
distribution 682
General curvilinear
coordinates 808
Generating function for
Legendre
polynomials 313
Gibbs’ phenomenon 194
Grad 721
Grad, div, curl 811
Cartesian coordinates 815
Curvilinear
coordinates 811
Cylindrical polar
coordinates 815
Spherical polar
coordinates 815
Gradient of a scalar field 721
Gradient of sums and
products 729
Graph of Bessel function 311
Graph of error function 681
Graph of gamma
function 666
Graph of linear
inequality 942
Graphical interpolation 25
Graphical interpretation of
Euler's method 343
Green'’s theorem 604, 785,
989
Gregory-Newton
interpolation 25
Backward difference
formula 33
Forward difference
formula 27
Grid values 522

Half-range series 212, 220
Harmonic functions 867
Harmonic motion 131, 174
Damped motion 132
Forced 135
Forcing function 138
Resonance 138
Steady-state 136
Transient state 136
Harmonics 174, 193, 200
Heat conduction 428
Equation 537, 542
Heaviside unit step
function 93, 255
Hertz 197
Higher derivatives 272
Hyperbolic equations 537
Wave equation 537

Implicit functions 376

Improved Euler method 345

Impulse 122

Indicial equation 289

Inhomogeneous differential
equation 138

Initial conditions 417, 533

Initial terms 158

Initial value theorem 153
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Integral functions 661
Integrals of periodic
functions 179
Integration 566
Alternative form of a line
integral 586
Area enclosed by a
curve 581
Around a singularity 880
Cauchy’s theorem 875
Change of variables 643
Dependence on path 598
Dirac delta 122
Divergence theorem 770,
993
Double integrals 618
Dummy variable 423
Element of volume 633,
653
Exact differentials 579
Gauss' theorem 770, 993
Green's theorem 604, 785,
989
Independence of path 600
Jacobian 650, 653
Line integral around a
closed curve 592
Line integrals 585, 745,
748
Parametric equations 597
Periodic functions 179
Properties of a line
integral 589
Residue calculus 926
Stokes’ theorem 776, 995
Surface integrals 623, 756
Triple integrals 752
Vectors 718
Volume integrals 634, 752
Interpolation 1, 24
Central differences 31
Forward finite
differences 25
Graphical 25
Gregory-Newton 25
Lagrange 35
Linear 24
Polynomial 35
Inverse functions 382
Inverse Laplace transform of a
periodic function 118
Inverse Laplace transforms 61
Table 68
Inverse matrix 463
Inverse Z transforms 154
Irrotational vector field 732
Iteration 11
Square root of a
number 11

Jacobian 649, 653

Lagrange interpolation 35
Lagrange undetermined
multipliers 403
Three independent
variables 405
Laplace transform 48, 93, 112
Alternative notation 70
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Laplace transform (cont.)

Damped oscillatory
motion 132
Delayed step function 97
Derivatives 69
Differential equations 128
Dirac delta 122, 124
Expression divided by t 58
Expression multiplied by a
constant 54
Expression multiplied by ¢
and t" 56
First shift theorem 55
Forced harmonic
motion 135
Harmonic oscillators 131
Heaviside unit step
function 93
Inverse transforms 61, 68,
118
Periodic functions 112
Resonance 138
Second shift theorem 98
Simultaneous differential
equations 81
Solution of differential
equations 69
Solution of first-order
differential
equations 71
Solution of second-order
differential
equations 74
Steady-state 136
Sum 54
Transient state 136

Laplace’s equation 434, 536,

867
Plane polar
coordinates 439

Laplacian 737

Cartesian coordinates 815
Curvilinear

coordinates 813
Cylindrical polar

coordinates 815
Spherical polar

coordinates 815

Laurent’s series 919
Laws of mathematics xxiv
Legendre polynomials 311,

313
Finite series of 318
Generating function 312
Rodrigue’s formula 312

Linear inequalities 942
Graphs 942

Linear interpolation 24

Linear programming 940
Applications 977
Constraints 941
Feasible domain 944
Linear inequalities 942
Minimisation 973
Objective function 941
Simplex method 948

Linearity of the Z

transform 149

Maclaurin’s series 328, 910
Magnification mapping 830
Mapping of a straight
line 825
Mapping of regions 843
Matrix algebra 451
Adjoint matrix 464
Augmented coefficient
matrix 458
Cayley—Hamilton
theorem 487
Characteristic
determinant 481
Characteristic
equation 481
Characteristic values 480
Characteristic vectors 480
Cofactor 463
Consistency of a set of
equations 458
Diagonalisation 493
Eigenvalues and
eigenvectors 480
Elementary column
operations 454
Elementary row
operations 454
Equivalent matrix 454,
467
Gaussian elimination 471
Inverse matrix 463
Latent roots 480
Minor 463
Modal matrix 493
Rank 453
Rotation of axes 507
Row transformations 467
Singular and non-singular
matrices 451
Solution of sets of

Upper triangular
matrix 456
Matrix transformation 505
Rotation of axes 507
Maximum and minimum
values 391
Minimisation 973
Minor of a matrix
element 463
MINVERSE 528
MMULT 528
Modal matrix 493
Modified Newton-Raphson
method 21
Moment of inertia 638
Multiple integration 566, 617
Area enclosed by a
curve 581
Change of variables 643
Closed curve 591
Dependence on path 598
Differentials 575
Divergence theorem 993
Double integrals 567, 618
Element of volume 633,
653
Exact differentials 579
Gauss’ theorem 993
Green's theorem 604, 989
Jacobian 650, 653
Line integral around a
closed curve 592
Line integrals 585
Parametric equations 597
Stokes’ theorem 995
Surface integrals 623
Triple integrals 567
Volume integrals 634
Multiple operations on scalar
and vector fields 735

Newton-Raphson iterative
method 14
Non-linear
transformations 838
Non-singular matrices 451
Non-sinusoidal periodic
functions 175
Normal probability
distribution 682
Numerical approximation to
derivatives 518
Numerical methods 9
Numerical solution of
equations 1

Legendre’s equation 311, 317
Leibnitz theorem 275
Leibnitz-Maclaurin
method 279
Line integral 585
Alternative form 586
Arc length 596
Around a closed
curve 592
Complex plane 872
Dependence on path 598
Parametric equations 597
Properties 589
Scalar fields 745
Vector fields 748

equations 463
Spectral matrix 493
Sub-matrix 453
Systems of first-order

differential

equations 488
Systems of second-order

differential

equations 498
Transformations 505
Triangular

decomposition 474
Triangular matrix 456
Uniqueness of

solutions 459

Bisection method 9
First approximations 19
Gauss formulas 31
Gregory-Newton backward
differences 33
Interpolation 24
Iteration 11
Lagrange interpolation 35
Modified Newton-
Raphson 21
Newton-Raphson 14
Using a spreadsheet 12

Numerical solutions of

ordinary differential
equations 327
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Euler second-order
method 355
Euler-Cauchy method 345
Euler's method 330
Exact value and errors 339
Improved Euler
method 345
Predictor—corrector
methods 362
Runge-Kutta method 351
Spreadsheet 335
Numerical solutions of partial
differential
equations 517
Backward difference
formula 518
Central difference
formula 519, 520
Computational
molecules 525
Consolidation
equation 537
Crank-Nicolson
procedure 547
Derivative boundary
conditions 532
Dimensional analysis 554
Dimensionless
equations 542
Elliptic equations 536
Finite differences 518
Forward difference
formula 518
Grid values 522
Heat conduction
equation 537
Hyperbolic equations 537
Laplace’s equation 536
Parabolic equations 537
Poisson's equation 536
Second partial
derivatives 537
Second-order partial
differential
equations 536
Time-dependent
equations 542
Wave equation 537

Objective function 941
Odd function 201, 244
Half-range Fourier
series 215, 220
Optimization 940
Ordinary differential
equations 271
Auxiliary equation 415
Power series solutions 271
Orthogonal coordinate
systems 801
Curvilinear
coordinates 800
Cylindrical polar
coordinates 802
Scale factors 805
Spherical polar
coordinates 804
Orthogonal functions 183
Orthogonality 316
Weight function 316

Parabolic equations 537
Consolidation
equation 537
Heat conduction
equation 537
Parametric equations 597
Partial differential
equations 414
Conduction equation 428
Dirichlet problem 439
Eigenfunctions and
eigenvalues 422
Initial and boundary
conditions 417
Laplace’s equation 434
Potential equation 439
Separation of the
variables 419
Solution by direct
integration 416
Wave equation 418
Partial differentiation 370
Change of variables 377
Implicit functions 376
Inverse functions 382
Lagrange undetermined
multipliers 403
Maximum and minimum
values 391
Rate of change 375
Saddle points 398
Small increments 373
Stationary values 390
Vectors 718
Partial fractions 62
‘Cover up’ rule 66
Rules 62
Paste command
(spreadsheet) 12
Period 173
Periodic functions
Amplitude 174
Analytic description 176
Harmonics 174
Inverse Laplace
transform 118
Laplace transform 112
Non-sinusoidal 175
Period 173, 197
Power content 238
Two domains 238
Unit step description 112
Phase spectrum 237, 243
Piecewise continuous 186
Plane polar coordinates 568
Poisson’s equation 536
Poles 915
Potential equation 439
Power content of a periodic
function 238
Predictor-corrector
methods 362
Products of odd and even
functions 204
Properties of a line
integral 589
Properties of the Fourier
transform 251
Properties of Z
transform 149

112, 173
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Radius of convergence 914
Radius of gyration 638
Rank of a matrix 453
Uniqueness of
solutions 459
Rates of change 375
Ratio test for
convergence 911
Recurrence relations 157
Initial terms 158
Solving 159
Reduced form of a cubic 7
Reduction formulas 671
Regions enclosed by closed
curves 591
Regular function 863
Relations between coefficients
and roots of a
polynomial 4
Relative addresses
(spreadsheet) 13
Removable singularities 916
Residue 923
Calculating 925
Residue theorem 923
Real integrals 926
Resonance 138
Rodrigue’s formula 312
Roots of a polynomial 2
Rotation mapping 831
Rotation of axes 507
Rules of partial fractions 62
Runge-Kutta method 351
Second-order differential
equations 357

Saddle points 398
Sampling 163
Scalar 698
Scalar field 721
Directional derivative 724
Gradient 721
Gradient of sums and
products 729
Line integrals 745
Surface integrals 757
Unit normal vector 727
Scalar product 698
Scalar triple product 703
Properties 704
Scale factors 805
Cylindrical polar
coordinates 806
Rectangular
coordinates 806
Spherical polar
coordinates 806
Schwarz-Christoffel
transformation 893
Open polygons 898
Second partial
derivatives 537
Second shift theorem 98, 151
Unit step function 98
Z transform 151
Second-order differential
equations 355
Second-order partial
differential
equations 536
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Separation of variables 419,
441
Sequences 145
Simplex method 948
Artificial variables 962
Computation 950
Key column 950
Key row 950
Minimisation 973
Pivot 950
Problem variables 958
Slack variables 948
Tableau 948
Simply connected region 591
Simultaneous differential
equations 81
Singular matrices 451
Singularities 863, 867, 915
Contour deformation 880
Essential 920
Poles 915
Removable 916
Slack variables 948
Small increments 371, 373
Solenoidal vector field 731
Solution of differential
equations by Laplace
transforms 69, 71, 74
Solution of heat conduction
equation 429
Solution of Laplace’s
equation 435
Solution of the wave
equation 419
Solutions of sets of
equations 463
Gaussian elimination
method 471
Inverse matrix
method 463
Row transformation
method 467
Triangular decomposition
method 474
Space coordinate
systems 629
Specific heat per unit
volume 542
Spectra 237
Amplitude 237
Complex 237
Continuous 239
Phase 237
Spectral matrix 493
Spherical polar
coordinates 631
Element of surface 761
Element of volume 789
Scale factors 806
Spreasdsheet 335, 528
Format command 337
Insert columns 339
Inverse matrix 528
Matrices 528
Mairix multiplication 528
MINVERSE command 528
MMNULT command 528
Staudard curves  xxiii
Starter values 19

Stationary values of a
function 390
Saddle points 398
Steady-state 136
Stirling’s formula 666
Stokes’ theorem 776, 995
Sturm-Liouville systems 315
Sub-matrix 453
Surface integrals 623, 756
Scalar fields 757
Vector fields 760
Symmetry 253
Systems of first-order
differential
equations 488
Systems of second-order
differential
equations 498

Table of Fourier
transforms 263
Table of Laplace
transforms 68
Table of Z transforms 148
Tabular display of results 16
Tartaglia’s solution to a
cubic 8
Taylor's series 328, 917
Taylor’s theorem 371
Thermal conductivity 542
Time scaling 253
Time shifting 252
Time-dependent
equations 542
Top-hat function 246
Transformation
equations 809
Transformation in three
dimensions 653
Transforming a cubic to
reduced form 7
Transforms of derivatives 69
Transient state 136
Translation and Z
transform 152
Translation mapping 829
Triangle function 250
Triangular
decomposition 474
Triangular matrix 456
Trigonometric identities xxii
Triple integrals 567, 703
Curvilinear
coordinates 653
Volumes 569, 752

Uniqueness of solutions 459
Unit impulse 122
Differential equations 128
Unit normal vectors 727
Direction 779
Surface 779
Unit step function 93, 255
At the origin 94
Derivative 127
Effect of 94
Periodic functions 112
Unit tangent vectors 715
Upper triangular matrix 456

Using a spreadsheet 12
Absolute address 13
Relative addresses 13
Tabular display of

results 16

Vector analysis 697, 744, 795
Curvilinear
coordinates 796
Divergence theorem 770
Gauss’ theorem 770
Green’s theorem 785
Orthogonal curvilinear
coordinates 800
Stokes’ theorem 776
Vector triple products 992
Vector area 757
Vector field 721
Conservative fields 765
Curl 732
Divergence 731
Irrotational 732
Line integrals 748
Solenoidal 731
Surface integrals 760
Vector product 698
Vector triple product 707, 992
Vectors 698
Angle between two
vectors 698
Coplanar vectors 705
Differentiation 710
Direction cosines 698
Integration 718
Partial differentiation 718
Scalar 698
Scalar product 698
Scalar triple product 703,
704

Triple products 703

Unit normal 727

Unit tangent vectors 715

Vector area 757

Vector product 698

Vector triple product 707
Volume integrals 634, 752

Moment of inertia 638

Radius of gyration 638
Volume of a solid 569

Wave equation 418, 537
Solution 419

Z transform 144
Derivative 154
Final value theorem 153
First shift theorem 150
Geometric sequence 146
Initial value theorem 153
Inverse transform 154
Properties 149
Recurrence relations 157
Sampling 163
Second shift theorem 151
Sequence of integers 147
Table 148
Translation 152
Unit impulse 146
Unit step 146



